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Theorem (CS-Theorem) [Chomsky, Schiitzenberger 63]

L(G) = h(Dy N R)

G context-free grammar
h homomorphism
D, n-Dyck language

R regular language
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CS-Theorem for string languages generated by tree-adjoining grammars
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CS-Theorem for multiple context-free languages
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Unital Valuation Monoid

(K,+,val,0,1)
» (K,+,0) commutative monoid
» val: K* = K

> val(a) = a
»val(...0...)=0

> val(.. 1 S)y=wval(..... )
> val(e) =
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(K,+,val,0,1) [Droste, Vogler 13]
» (K,+,0) commutative monoid
» val: K* - K

> val(a) =a
»val(...0...) =
»val(...1...)=val(...... ) ignore “1"s
> val(e) =1
Examples
1) average
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Unital Valuation Monoid

(K,+,val,0,1) [Droste, Vogler 13]
» (K,+,0) commutative monoid
» val: K* - K

S)y=wval(..... ) ignore “1"s

Examples

1) average

2) strong bimonoid (K, +, -, 0, 1)

> (K, +,0) commutative monoid
> (K,-, 1) monoid
» 0 absorbing for -
e.g., semirings, bounded lattices

Luisa Herrmann, Heiko Vogler Weights



Storage [Scott 67]

Luisa Herrmann, Heiko Vogler Storage



Storage [Scott 67]

storage type S=(C,P F, G)

» C  set (configurations)
» P set of functions p: C — {true, false} (predicates)
» [ set of partial functions f: C — C (instructions)
» Cy subset of C (initial configurations)
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

Prrue(C) = true

fa(c) = ¢
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', C§) by
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', C§) by

> C'=(xO" G=( x &) (no empty pushdown)

» P'={ bottom } U{ (top =) |y €} uU{test(p) |pe P}

bottom( l 9 l c I >=true
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Examples S=(C, P, F, &)

» TRIV = ({C}, {ptrue}, {fa}, {C})
» let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', ) by
> C'=(xO" G=( x &) (no empty pushdown)

> P'={ bottom }U{ (top=7) |yer}uU{test(p) | pe P}

(top = true if y=19¢

v)
S
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Examples S=(C, P, F, &)

» TRIV = ({C}, {ptrue}, {fa}, {C})
» let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', ) by
> C'=(xO" G=( x &) (no empty pushdown)

> P'={ bottom }U{ (top=7) |ye r}uU{test(p) |pe P}

(top = true if y=19¢

>—/

test
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', C§) by

> C'=(xO" G=( x &) (no empty pushdown)
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> F'={push(vy,.f) |yerl feF}uU{stay(y) |yelryu{pop}
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', C§) by

> C'=(xO" G=( x &) (no empty pushdown)

> P'={ bottom }U{ (top=7) |yer}uU{test(p) | pe P}

> F'={push(y.f) [veTl feFru{stay(y) |yerlrtu{pop}

v | f(c)

B c push(y, f) ) c
[T ] [T ]
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> let S=(C, P, F, () storage type [Engelfriet 86/14]
define pushdown of S P(S) = (C', P, F', C§) by

> C'=(xO" G=( x &) (no empty pushdown)

> P'={ bottom }U{ (top=7) |yer}uU{test(p) | pe P}

> F'={push(vy,.f) |yerl feF}uU{stay(y) |yelryu{pop}

e EAEE
T T
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> P(S)=(C'\ P, F' I'E") for given S [Engelfriet 86/14]
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> P(S)=(C'\ P, F' I'E") for given S [Engelfriet 86/14]
» iterated pushdown storage [Engelfriet 86/14; Engelfriet, Vogler 86]
» PO =TRIV

> P = (P
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Examples S=(C, P, F, &)

» TRIV = ({c} {prrue}. {fa}. {c})

> P(S)=(C'\ P, F' I'E") for given S [Engelfriet 86/14]
» iterated pushdown storage [Engelfriet 86/14; Engelfriet, Vogler 86]
» PO =TRIV

> P = (P

Luisa Herrmann, Heiko Vogler Storage



Weighted Automata with Storage

S=(C, P, F, () storage type
>~ alphabet
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Weighted Automata with Storage

S=(C, P, F, () storage type
>~ alphabet
K unital valuation monoid

A=(Q, X coy, qo, Qr, T,wt) (S, X, K)-automaton

v

Q finite set (states), Qr C Q (final states),
qo € Q (initial state)

v

o € G

T finite set (transitions)

v

T=(q1.X,p G2, 1)

B, e, xexXu{e}t, peP, feF
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Weighted Automata with Storage

S=(C, P, F, () storage type
>~ alphabet
K unital valuation monoid

A=(Q, X coy, qo, Qr, T,wt) (S, X, K)-automaton

> @ finite set (states), Qr C Q (final states),
qo € Q (initial state)

» v € G
» T finite set (transitions)

T=(q1.X,p G2, 1)

B, e, xexXu{e}t, peP, feF

» wt: T — K (weight assignment)
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T=(91. X, 0 G, 1)
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Weighted Automata with Storage

S=(C, P, F, () storage type
>~ alphabet
K unital valuation monoid

A=(Q, X coy, qo, Qr, T,wt) (S, X, K)-automaton

T=(91. X, 0 G, 1)

computation step with 7

(g1, xw, c) " (g2, w, f(c))

if p(c) = true
and f(c) defined
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Weighted Automata with Storage
W=x7...xp € X*
O0=T11...Th, T, €T
gr € Qf
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Weighted Automata with Storage
o ner

. gr € Q
computation: ! !

(o, x1%2. .. xn,c0) F™ (qu.x2...xp,c1) F ... F™ (gr, €, Cn)
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Weighted Automata with Storage

W=x7...xp € X*
0=T11...Th, TiET

computation: ar € Qr
(Go, x1%0 ... Xp, @) F™ (g1, %0 .. xp, c1) F? .. F™ (gr, €, cp)
O(w)
weighted language recognized by A: |A|: Z* — K
”A”(W) - Z Wt(@) appropriate finiteness
0cO(w) condition!

wWt(Ty ... T,) = val(wt(Ty) ... wt(T,))
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Weighted Automata with Storage

W=x7...xp € X*
0=T11...Th, TiET

computation: 9 € Qr
(o, x1%2. .. xn,c0) F™ (qu.x2...xp,c1) F ... F™ (gr, €, Cn)
O(w)
weighted language recognized by A: |A]: &* — K
||A||(W) = Z Wt(@) appropriate finiteness
6co(w) condition!
wt(T1 ... 7p) = val(wt(ry) ... wt(7,))

REC(S, X, K)
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Examples for REC(S, X, K)

» REC(TRIV, £, B)
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Examples for REC(S, X, K)

» REC(TRIV, X, B) TRIV = ({c}, {prruc}, {fia}, {c})

(qO,XlXQ...Xn,C) T (ql,XQ...Xn,C) T2 T (qn,s, C)
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Examples for REC(S, X, K)

» REC(TRIV, X, B) TRIV = ({c}, {prruc}, {fia}, {c})

(qO,X1X2...X,, ) T (C]1,X2...Xn ) T2 T (qn,s )

Luisa Herrmann, Heiko Vogler Weighted automata with storage



Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

(qO,X1X2...X,, ) T (C]1,X2...Xn ) T2 T (q,,,s )
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Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

» REC(P!, &, K)
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Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

» REC(P!, &, K)

(qO,X1X2...Xn,|:|) R (ql,Xg...Xn,E) I S (C]n,E,E)
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Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

> REC(Pl, 2, K) quantitative CF languages over X~ and K
[Droste, Vogler 13]

(qO,X1X2...Xn,|:|) R (ql,Xg...Xn,E) I S (C]n,E,E)
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Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

> REC(Pl, 2, K) quantitative CF languages over X~ and K
[Droste, Vogler 13]

» REC(P", =, B)

Luisa Herrmann, Heiko Vogler Weighted automata with storage



Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

> REC(Pl, 2, K) quantitative CF languages over X~ and K
[Droste, Vogler 13]

» REC(P", X, B) iterated pushdown languages

[Maslov 76; Engelfriet 83; Damm, Goerdt 86]
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Examples for REC(S, X, K)

» REC(TRIV, X, B) recognizable languages

> REC(Pl, 2, K) quantitative CF languages over X~ and K
[Droste, Vogler 13]

» REC(P", X, B) iterated pushdown languages

[Maslov 76; Engelfriet 83; Damm, Goerdt 86]

Let L: 2" = K.

L is a weighted iterated pushdown language if

L € |J REC(P". £.K)
n

Luisa Herrmann, Heiko Vogler Weighted automata with storage
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Theorem (CS-Theorem for weighted automata with storage)

Let S=(C, P, F, Go) be a storage type, X an alphabet, and K a unital
valuation monoid. If r: X* — K is (S, X, K)-recognizable, then there are

» a regular language R C @,
> a finite set 2 C P X F and a configuration ¢ € C,
> a letter-to-letter morphism ¢g; : @ — 2, and
> an alphabetic morphism h' : @ — K[X U {e}]
such that r = A'(g7 }(B(£2, ¢)) N R).

» separating weights

X h:A— K[XU{e}]
D)
AT 2 L(A) h(d) =ay yeXxuU{e}
l h e-free (S, A, B)-automaton A
r:>* =K
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Theorem (CS-Theorem for weighted automata with storage)

Let S=(C, P, F, Go) be a storage type, X an alphabet, and K a unital
valuation monoid. If r: X* — K is (S, X, K)-recognizable, then there are

» a regular language R C @,
> a finite set 2 C P X F and a configuration ¢ € C,
> a letter-to-letter morphism ¢g; : @ — 2, and
> an alphabetic morphism h' : @ — K[X U {e}]
such that r = A'(g7 }(B(£2, ¢)) N R).

» separating weights

» separating storage
M 2D L(A) p 9 9

lh M generalized sequential
machine (GSM)

B(Q2,c) C 2

r:>* =K
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Theorem (CS-Theorem for weighted automata with storage)

Let S=(C, P, F, Go) be a storage type, X an alphabet, and K a unital
valuation monoid. If r: X* — K is (S, X, K)-recognizable, then there are

» a regular language R C @,
> a finite set 2 C P X F and a configuration ¢ € C,
> a letter-to-letter morphism ¢g; : @ — 2, and
> an alphabetic morphism h' : @ — K[X U {e}]
such that r = A'(g7 }(B(£2, ¢)) N R).

R C o*
gy \\92 » separating weights
> separating storage
B2, c)c o —M . a5 (A parating storad
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Separating Storage of (S, A, B)-automaton A
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pi(co) = true p2(fi(co)) = true
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(Go.ab,co)  F— (q.bfilc)) +F——  (q2.& K(fi(a)))
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PfXFf

(p1. f)(p2, f2) € (Pr x Fr)*
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Separating Storage of (S, A, B)-automaton A

(go.a, p1.q1,f1) (g1, b, p2, g2, 2)

(g0, ab, o) — (g1, b, fi(c)) — (92.€, H(f(0)))

pi(co) = true p2(fi(co)) = true
Prx Fr (p1,f1)/ a (p2.5) / b

(01, 7)) (2. ) € (P x F)"

B(Pf X Ff,CQ) GSMM
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Instantiated CS-Theorem for (S, X, K)-recognizable languages

> S=P"

> S =P

> S =SC(TRIV):

» S = NS(TRIV):

K-weighted n-iterated pushdown languages
quantitative CF languages
[Droste, Vogler 13]

K-weighted stack automata
[Greibach 69]

K-weighted nested stack automata
[Engelfriet, Vogler 86]
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Instantiated CS-Theorem for (S, X, K)-recognizable languages

>

v

v

S =P"
S="PhL

S = SC(TRIV):
S = NS(TRIV):
S = MON(M):

K-weighted n-iterated pushdown languages
quantitative CF languages
[Droste, Vogler 13]

K-weighted stack automata
[Greibach 69]

K-weighted nested stack automata
[Engelfriet, Vogler 86]

K-weighted M-automata for some
monoid M [Kambites 07]

Luisa Herrmann

. Heiko Vogler
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Separating Weights

B=(Q.,X, co qo Q. T,wt) ~ A=(Q, T,co,qo, Qr, T')
T=(q,x,p,q.f)in T T =(q,7.p.q¢ f)in T
h(T") = wt(1).x

A:(Q,A,Co,CIQ,Qf,T) ~> B:(Q/,Z, Co,q(/),AX Qf,T/,Wt)

h: A — K[X U{e}] Q ={qtUuldxQ
(¢.6,p.¢ . f)in T T=((0"q).y.p.(6.d).F)in T
h(d) = a.y wt(T) = a
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Decomposition of GSM

gsm M ~ regular grammar R,
letter-to-letter morphisms hy, hy

T=(9.x,9.y) qg—T1q rulein R
h(T)=x
ho(T) =y

Luisa Herrmann, Heiko Vogler
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