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BET-Theorem [Büchi 61,62, Elgot 61, Trakhtenbrot 61]

Let L ⊆ Σ∗. The following are equivalent:

1. L is MSO(Σ)-definable.

2. L is recognizable.

generalizations in 3 directions:

I form of models (timed words, trees, pictures,...)

I unweighted vs. weighted

I beyond recognizability
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BET-Theorems for weighted languages

unweighted string languages L ⊆ Σ∗

[BET 61,62]

weight algebra K weighted languages r : Σ∗ → K

semirings [Droste, Gastin 05,07,09]

bounded lattices [Droste, Vogler 12]

valuation monoids [Droste, Meinecke 12]

weighted language = formal power series

3/19



BET-Theorems for weighted languages

unweighted string languages L ⊆ Σ∗

[BET 61,62]

weight algebra K weighted languages r : Σ∗ → K
semirings [Droste, Gastin 05,07,09]

bounded lattices [Droste, Vogler 12]

valuation monoids [Droste, Meinecke 12]

weighted language = formal power series

3/19



BET-Theorems for weighted languages

unweighted string languages L ⊆ Σ∗

[BET 61,62]

weight algebra K weighted languages r : Σ∗ → K
semirings [Droste, Gastin 05,07,09]

bounded lattices [Droste, Vogler 12]

valuation monoids [Droste, Meinecke 12]

weighted language = formal power series

3/19



BET-Theorems for weighted languages

unweighted string languages L ⊆ Σ∗

[BET 61,62]

weight algebra K weighted languages r : Σ∗ → K
semirings [Droste, Gastin 05,07,09]

bounded lattices [Droste, Vogler 12]

valuation monoids [Droste, Meinecke 12]

weighted language = formal power series

3/19



BET-Theorems beyond recognizability

BET for cf languages [Schwentick, Lautemann, Therien 94]

Let L ⊆ Σ∗. The following are equivalent:

1. L is definable by ∃M.ϕ
where M is matching, ϕ is MSO formula.

2. L is a context-free language.
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BET for cf languages [Schwentick, Lautemann, Therien 94]

Let L ⊆ Σ∗. The following are equivalent:

1. L is definable by ∃M.ϕ
where M is matching, ϕ is MSO formula.

2. L is a context-free language.

BET for indexed languages [Fratani, Voundy 15]

Let L ⊆ Σ∗. The following are equivalent:

1. L is definable by ∃DM.ϕ
where DM is Dyck matching, ϕ is MSO formula.

2. L is a realtime indexed language.
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Idea of our new logic

languages automata logic

regular languages finite automata ϕ

context-free languages pushdown automata ∃M.ϕ
indexed languages nested stack automata ∃DM.ϕ

automata with storage S

∃B.ϕ
full principal AFL finitely encoded AFA

weighted languages

weighted automata with storage
∑beh
B e

generator language:

set B of behaviours of S

AFA = abstract family of acceptors

AFL = abstract family of languages
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Goal

Theorem [Vogler, Droste, Herrmann LATA ’16]

Let K be a unital valuation monoid, S a storage type, and r : Σ∗ → K .

The following are equivalent:

1. r is definable by an expression over (S , Σ,K ).

2. r is (S , Σ,K )-recognizable.

outline of the talk:

I weight structure: unital valuation monoid

I storage type

I weighted automata with storage

I weighted MSO expressions

I results
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Unital Valuation Monoid

(K ,+, val, 0, 1) [Droste, Meinecke 12]

I (K ,+, 0) commutative monoid

I val : K ∗ → K
I val(a) = a
I val(. . . 0 . . . ) = 0
I val(. . . 1 . . . ) = val(. . . . . . ) ignore “1”s
I val(ε) = 1

Examples

1) Disc = (R≥0 ∪ {−∞},max, valdisc,−∞, 0)

valdisc(k1 . . . kn) = 0.50 · k1 + . . .+ 0.5n−1 · kn

2) strong bimonoid (K ,+, ·, 0, 1)

I (K ,+, 0) commutative monoid
I (K , ·, 1) monoid val(a1 . . . an) = a1 · . . . · an
I 0 absorbing for ·

e.g., semirings, bounded lattices
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Storage type [Scott 67, Engelfriet 86]

S = (C ,P,F , c0)

I C set (configurations)

I P set of functions p : C → {true, false} (predicates)

I F set of partial functions f : C → C (instructions)

I c0 element of C (initial configuration)

Example
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I C set (configurations)

I P set of functions p : C → {true, false} (predicates)

I F set of partial functions f : C → C (instructions)

I c0 element of C (initial configuration)

Example

MON(M) = (C ,P,F , c0) (M, ·, 1) monoid

I C = M, c0 = 1,

I P = {>?} ∪ {1?},
I F = M m(m′) = m′ ·m

8/19



Weighted Automata with Storage
S = (C ,P,F , c0) storage type

Σ alphabet

K unital valuation monoid

A = (Q,Q0,Qf ,T ,wt) (S , Σ,K )-automaton

I Q finite set (states)

I Q0 ⊆ Q (initial states)

I Qf ⊆ Q (final states)

I T finite set (transitions)

τ = (q1, a, p, q2, f )

I wt : T → K (weight assignment)

q1, q2 ∈ Q, a ∈ Σ, p ∈ P, f ∈ F

9/19
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Weighted Automata with Storage

computation:

(q0, a1a2 . . . an, c0) `τ1 (q1, a2 . . . an, c1) `τ2 . . . `τn (qf , ε, cn)

Θ(w)

weighted language recognized by A: ||A|| : Σ∗ → K

||A||(w) =
∑

θ∈Θ(w) wt(θ)

wt(τ1 . . . τn) = val(wt(τ1) . . .wt(τn))

w = a1 . . . an ∈ Σ∗
θ = τ1 . . . τn, τi ∈ T
qf ∈ Qf
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Weighted Automata with Storage

r : Σ∗ → Disc

supp(r) = {w# | w ∈ {a, b}∗, |w |a = |w |b}

a b b a # ∈ supp(r)

q f

a/(>?, 1)/2

b/(>?,−1)/1

#/(0?, 0)/0

Σ = {a, b,#}
MON(Z), (Z,+, 0)
Disc

a 2

b 1

# 0
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Storage Behaviour

q f

a/(>?, 1)/2

b/(>?,−1)/1

#/(0?, 0)/0

computation

(q, ab#, 0) `τ1 (q, b#, 1) `τ2 (q,#, 0) `τ3 (f , ε, 0)

used transitions

(q, a,>?, q, 1) (q, b,>?, q, − 1) (q,#, 0?, f , 0)

storage behaviour

(>?, 1) (>?,−1) (0?, 0) ∈ B(Ω)

Ω ⊆fin P × F
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Weighted MSO Logic with Storage Ω ⊆fin P × F

variable assignment σ:

a b b a

f.o. variables x1 x2

s.o. variables X1 X1 X2

s.o. behaviour variable B (>?, 1) (>?,−1) (>?,−1) (>?, 1)

∈ ΣV
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Weighted MSO Logic with Storage Ω ⊆fin P × F

unweighted MSO

ψ ::= Pa(x) | next(x , y) | x ∈ X | B(x) = (p, f )

ϕ ::= ψ | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ∃x .ϕ | ∃X .ϕ | ∀x .ϕ | ∀X .ϕ
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ϕ ::= ψ | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ∃x .ϕ | ∃X .ϕ | ∀x .ϕ | ∀X .ϕ

(u, σ) |= (B(x) = (p, f )) iff σ(B)σ(x) = (p, f )

variable assignment σ:

a b b a

x1 x2

X1 X1 X2

(>?, 1) (>?,−1) (>?,−1) (>?, 1) (abba, σ) |= (B(x2) = (>?, 1))
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e ::= Valκ | e + e | ϕB e |
∑
x e |

∑
X e

[[e]]V : ΣV
∗ → K such that

κ : ΣV → K

[[Valκ]]V(w) = val(κ(w))
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[[e]]V : ΣV
∗ → K such that

[[ϕB e]]V
(
w
)
=

{
[[e]]V

(
w
)

if w ∈ LV(ϕ)
0 otherwise
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Weighted MSO Logic with Storage Ω ⊆fin P × F

weighted expressions Exp(S , Σ,K )∑beh
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)

r : Σ∗ → K is definable by an expression over (S , Σ,K ) if there is

e ∈ Exp(S , Σ,K ) such that r = [[e]].
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Example

q f

a/(>?, 1)/2

b/(>?,−1)/1

#/(0?, 0)/0

Ω : ω1 = (>?, 1)

ω2 = (>?,−1)

ω3 = (0?, 0)

e =
∑beh
B ((ϕlast ∧ ϕsymb)BValκ)

a b #

B : (>?, 1) (>?,−1) (0?, 0)

B : (>?,−1) (>?, 1) (0?, 0) 6|= ϕsymbκ : 2 1 0
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BET-Theorem

Theorem [Vogler, Droste, Herrmann 16]

Let K be a unital valuation monoid, S a storage type, and r : Σ∗ → K .

The following are equivalent:

1. r is definable by an expression over (S , Σ,K ).

2. r is (S , Σ,K )-recognizable.

Theorem [Vogler, Droste, Herrmann 16]

For each ϕ ∈ Exp(Pn, Σ,K ) the satisfiability problem is decidable

if K is a zero-sum-free commutative strong bimonoid with a decidable

zero-generation problem.

Thank you!
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