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—— Abstract
Conventional approaches for parallel composition of stochastic systems relate probability mea-
sures of the individual components in terms of product measures. Such approaches rely on the
assumption that components interact stochastically independent, which might be too rigid for
modeling real world systems. In this paper, we introduce a parallel-composition operator for
stochastic transition systems that is based on couplings of probability measures and does not im-
pose any stochastic assumptions. When composing systems within our framework, the intended
dependencies between components can be determined by providing so-called spans and span cou-
plings. We present a congruence result for our operator with respect to a standard notion of
bisimilarity and develop a general theory for spans, exploiting deep results from descriptive set
theory. As an application of our general approach, we propose a model for stochastic hybrid
systems called stochastic hybrid motion automata.
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1 Introduction

When modeling complex systems, compositional approaches enjoy many favorable prop-
erties compared to their monolithic counterparts. They allow for a systematic system
design, facilitate the interchangeability and reusability of components, and thus also ease
the maintainability. A major objective in defining compositional frameworks is to separate
concerns into components — specifying the operational behavior — and composition operators
— addressing the communication and interaction of the components. Within conventional
approaches for stochastic systems, the composition operator relates probability distributions
of the individual components in terms of product distributions. Therefore, such operators
are based on the assumption that the components interact stochastically independent, which
is often not adequate. For instance, let us regard a systems composed of a device Dev and
two batteries Bat; and Bats providing the energy for Dev as detailed below:
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Composition of stochastic transition systems

In this example, the device provides the environmental context in which Bat; and Bats are
operating. Hence, Dev may, e.g., be the reason for common cause failures arising in the
system. Let the variables v; and vy capture the amount of energy stored within Bat; and
Bats, respectively. The action label a stands for the occurrence of a failure after which all
the components will crash. As a consequence, the level of the stored energy of the batteries
instantaneously drops to either 0 or 1/3 with probability 1/2, respectively. When considering
the batteries in isolation, Bat; and Bats appear stochastically independent in the first place
and thus, product distributions in the parallel composition Bat; || Bats seem to be adequate.
However, additional dependencies can be imposed by Dev, influencing the interplay between
the batteries. The assumption that Bat; and Baty are stochastically independent is hence
not adequate. Assume, e.g., that Dev uses Bat; as the default power supply and Bat, as a
backup. Then, within a failure situation, Bat; is more likely to be affected than Baty. The
most likely case is that Bat; drops to 0 whereas Baty drops to 1/3. Hence, v; and vy might
be not independent in the composite system (Bat; || Batz) || Dev.

Motivated by this example, we consider hybrid systems that combine discrete behaviors
and continuous dynamics. In this setting, the most prominent modeling formalism are
hybrid automata, which comprise a control graph with discrete jumps between (control)
locations and flows that model the evolution of continuous variables over time. When time
passes in a hybrid system, a flow starting from the current variable evaluation is selected
non-deterministically and then the variables evolve according to the chosen flow. Besides the
stochastic independence, additional aspects are relevant for the composition of hybrid systems.
Let us assume that oy is a (local) action of Bat; which cannot be observed by Baty or Dev.
Particularly, a; does not affect the value of variable ve. The hybrid automaton Bat; || Batg
has states of the form (s!,s2). Suppose (si,s?) =% (sd s2) -2 (s] s3) =2 (s],s%) is a
finite path in Bat; || Baty, comprising two timed transitions with time passages ¢; and to
and one jump transition involving action ay. As «; cannot be observed by Batsy, we expect
52 =tttz §2 in Baty. In particular, a faithful model for the composite system would allow
for selecting a flow for v; within time passage t1, which is continued within the subsequent
time passage. Thus, the adaption of the flow for variable vs should only be possible when
executing an action involving Baty or Dev. This aspect is also crucial in the context of
modeling controller strategies for hybrid systems. Typically, control decisions are made
at distinct points and fixed until a next control decision is enabled. For instance, when
considering a traffic alert and collision avoidance systems on aircraft, the advise of a corrective
maneuver is determined when a critical situation occurs and fixed until sensor values exceed
a threshold that indicates changes of the situation. A crucial point is to identify exactly those
situations where adaptation of flows is allowed and required, as from a practical point of view
it is important to minimize costs of adaptation and to keep the complexity of controllers
manageable.

Contribution. We introduce a generic composition operator for stochastic transition
systems (STSs) [18] based on spans and span couplings. Our operator does not rely on the
assumption that the STSs to be composed are stochastically independent and covers standard
composition operators by dealing with specific spans. Spans provide a formal approach for
introducing a universal notion of coupling probability measures. We develop an extensive
theory for spans exploiting profound results known from descriptive set theory [39]. Based
on a standard notion of bisimulation, we provide a congruence result with respect to our
span composition. In the second part of the paper, we instantiate our general approach
and introduce stochastic hybrid motion automata (SHMA) in which the progressing flow
is recorded within states. We present a compositional framework for SHMA including an
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STS-semantics, a composition operator that does not rely on the assumption of stochastic
independence, and where the adjustment of flows is always accompanied with an action. We
show that the congruence result for STSs transfers to our SHMA framework.

Additional material and detailed proofs can be found in the appendix.

Related Work. We are not aware of a compositional modeling approach of stochastic
systems which does not rely on the assumption that the components to be composed are
stochastically independent. Our work thus addresses a fundamental challenge in the context
of probabilistic operational models. The recent work [33] gives a comprehensive overview on
compositional probabilistic modeling formalisms regarding expressive power and available
analysis techniques. The concept of compositionality has its roots in the theory of process
calculi [45, 37] and there are many fundamental contributions in the field of stochastic
extensions of process calculi and probabilistic automata [49, 1, 2, 20, 15, 21, 22]. Results on
discrete systems have been extended to formalisms with continuous state spaces [18, 41]. The
theory on non-deterministic labeled Markov processes (NLMPs) provide elegant notions and
results on bisimulation and its logical characterization [24, 25, 19, 23, 6, 36]. Unfortunately,
NLMPs are a priori not appropriate for our purposes as the class of NLMPs is not closed
under the composition of stochastic transition systems (cf. appendix): Given two NLMPs,
the transition function of their composition does not need to be measurable.

When considering real-time systems, an important distinguishing aspect is the notion
of residence time, which is the time spend in a state before moving to a successor state. In
prominent compositional frameworks, timing behavior is modeled by clocks (timed automata)
[4, 11, 46, 13] or one has exponential-distributed holding times (Markov automata and
interactive Markov chains) [35, 29]. A general theory on compositionality and behavioral
equivalences has been also achieved for probabilistic real-time systems modeled by interactive
generalized semi-Markov processes [16, 14]. When adding flows to specify the evolution of
continuous variables between jumps, one enters the field of hybrid systems [3, 34, 12]. The
spirit of our work concerning hybrid systems is closest to the compositional frameworks
developed for hybrid extensions of I/O-automata [44] and reactive modules [5] in the non-
stochastic case. [44] studies parallel composition, simulation relations, and the receptiveness
property and deals with prefix-, suffix- and concatenation-closed sets of flows on a syntactic
level to obtain time-transitivity. Probabilistic hybrid automata [51, 31] extend classical
hybrid automata by discrete probabilistic updates for the jumps. In [30, 32, 31], stochastic
hybrid automata are considered where variables can be updated according to continuous
distributions. Different from these hybrid automata, the change of flows in SHMA is only
possible when some action is executed. Stochastic flows, i.e., where stochastic choices can be
made continuously over time, are considered in [17, 38]. Our framework does not incorporate
this kind of flows so far.

2 Preliminaries

We suppose the reader is familiar with standard concepts from measure and probability
theory [9, 10]. We briefly summarize our notations used throughout this paper.

Couplings. Within our work we understand couplings as a “modeling tool”. Intuitively,
couplings relate given measures in a product space by a measure with corresponding marginals.
Prob(X) denotes the set of all probability measures on the measurable space X. Let X;
and X3 be measurable spaces. Given p1 € Prob(X7) and ps € Prob(X3), u € Prob(X; x X5)
is called a coupling of (1, ps2) if p(My x X3) = puy (M) and pu(Xy x M) = pus(Ms) for all
measurable M; C X; and My C X5. The independent coupling of (p1, pe) is the product
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measure of py and po denoted by py ® ug. If uy = Dirac[zy] for some 21 € X7, then there is
exactly one coupling of (p1, pi2), namely the independent one. Here, Dirac[z1] denotes the
probability measure where for all measurable My C X1, Dirac[x1](M7) =1 iff 21 € M.

Polish spaces. A separable and completely metrizable topological space is called a Polish
space [39]. If X is a Polish space, then Prob(X) is well equipped with the topology induced
by the weak convergence of probability measures. To obtain a measurable space, Polish
spaces are equipped with the Borel sigma algebra, i.e., the coarsest sigma-algebra where all
open sets are measurable. We call a measurable space X standard Borel if there exists a
Polish topology on X where the induced Borel sigma-algebra coincides with the given one.
The Polish topology is in general not uniquely determined. We refer to measurable subsets
of standard Borel spaces as Borel sets. Of course, every Polish space is standard Borel.

Functions for probability measures. Given a measurable function f: X; — X5 between
measurable spaces X; and X», the pushforward of f is defined by f;: Prob(X;) — Prob(X>),
fi(u) (M) = p(f~1(My)). Assuming Polish spaces X; and Xs, a Markov kernel is a Borel
function k: X; — Prob(X3). Here, for every p; € Prob(X;) we define semi-product measure
My X ke PI’Ob(Xl X Xz), M1 X k(Ml X Mg) = fMl k(l‘l)(Mz) dul(xl).

Relations. Let R C X; x X5 be a binary relation over some sets X; and X5. We usually write
21 Rxo instead of (x1,z2) € R. Then, R is called Ir-total in Xy x X5 if for all ; € X; there
exists xo € X3 such that x1 R xo and vice versa, i.e., also for all x5 € X5 there exists 1 € X3
where x1 Rz, Assume X; and X5 constitute measurable spaces and let 1 € Prob(X7)
and po € Prob(X3). A weight function for (p1, R, p2) is a coupling W of (p1, i2) such that
1 Rxo for W-almost all (z1,z0) € X7 x Xo. We write pu; R* po if there exists a weight
function for (ui, R, p2). Notice, R™ constitutes a relation in Prob(X;) x Prob(X32). Notice,
weight functions are also well-established in the discrete setting [49].

Variables. Let Var denote a countable set of variables and V' C Var. We denote by Ev(V)
the set of all variable evaluations for V, i.e., functions from V to R. As the countable
product of Polish spaces equipped with the product topology again yields a Polish space,
Ev(V) constitutes a Polish space. Let e € Ev(Var) and 7 € Prob(Ev(Var)). The projection
el € Ev(V) is given by ey (v) = e(v) for all v € V. As f: Ev(Var) — Ev(V), f(e) = ey
is measurable, we can safely define ny; = f3(n). Cond(Var) denotes the set of all Boolean
conditions over Var and we write e |= ¢ if the variable evaluation e satisfies condition ¢. For
instance, e = (v < 3.14159) A (v > 2.71828) iff e(v) < 3.14159 and e(v) > 2.71828.

Stochastic transition systems. An STS is a triple 7 = (S,I', —) comprising a measurable
space S of states, a set I' of labels, and a relation — C SxI'xProb(S) of transitions. If
S is a standard Borel space, then T is called standard Borel. Let T, = (Sg,I',—,) and
To = (S, T',—,) be STSs with the same sets of labels. A relation R C S, x Sy is a
bisimulation for (Ta, Tp) if R is Ir-total in S, x S, and for all s, Rs, and v € T' it holds:
Given fi, € Prob(S,) where s, =7 fi4, then there exists p, € Prob(Sy) such that s, —
and 1o R pp. Vice versa, given p, € Prob(Sy) with s, — 1, then there is p, € Prob(S,)
where s, =7 po and pg R pp. We emphasize that a bisimulation is not required to be
measurable. In the context of bisimulation an important question is how to lift a relation
R C S, x Sp to probability measures. However, there are other approaches using R-stable
pairs instead [25], closely related to the weight lifting [53, 49]. Given STSs 77 = (51,1, —)
and T2 = (S2,T'2, —,) and a set of synchronization labels Sync C I'y N T'y, their composition
is the STS 71 H?Ync T2 = (51 x S3,T1 UT, —) with (s1, s2) =7 p1 ® o iff the following holds
[18]: If v € T'; \ Sync, then s; —7 p; and pe = Dirac[sz]. If v € 'y \ Sync, then p; = Dirac[s;]
and sg —7 ps. If v € Sync, then sy =7 puy and so =7 po.
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Flows. By T = Rx>( we denote the time azis. A flow is a function ¥: T — Ev(Var) that
has the cadlag property, i.e., ¢ is right continuous and has left limits everywhere. Flow(Var)
denotes the set of all flows. Let 9@ T(t) = (T +t) denote the shift of ¢ at time T € T by time
t € T. A subset F of Flow(Var) is shift invariant if 9 ®T € F for every 9 € Fand T € T. In
the theory of stochastic processes, the cadlag property is well established as, amongst others,
there is a topology on Flow(Var) such that Flow(Var) becomes a Polish space [8]. The exact
definition of this topology is not relevant for our purposes. If V' C Var and 9 € Flow(Var),
then ¥y € Flow(V) is given by 9y (t) = 9(t);y for all t € T. Given V1, Vs C Var where
ViNVy =& and ¥; € Flow(V;) and 95 € Flow(Varsy), then ¥ Wy € Flow(Vy U V3) is the
flow obtained by merging 9, and ¥5.

3 Composition of stochastic transition systems

We develop our approach towards the composition of STSs. As a preparation, we introduce
spans first and give some insights on our mathematical theory for those. After that, we
present the main contribution of the paper, namely our composition operator for STSs. We
then give a congruence theorem having a quite challenging proof. Section 4 presents an
application of our framework in the context of stochastic hybrid systems.

3.1 Spans

We will formalize dependencies for the composition of STSs using spans and span couplings,
which is a generic and flexible formalism our framework benefits from in many occasions. The
idea is to allow for arbitrary Polish spaces together with continuous functions that specify
the relationships between the components. Various properties of spans then transfer to their
probabilistic version, e.g., properness or the existence of inverses. This is an essential point
in the context of stochastic models and hence also for STSs. We will then use spans within
the definition of our composition in STS and later on also in the context of stochastic hybrid
systems as a mathematical tool for our argumentation.

» Definition 1. A span is a tuple X = (X, X1, X2, (1,t2) consisting of Polish spaces X,
X1, and X5 and continuous functions ¢1: X — X7 and t5: X — X5. We call X proper, if
1T H(KG) Ny H(Ko) is compact in X for all compact sets K3 € X and Ko C Xo.

Intuitively, X denotes the joint state space of X; and X5, where +; and to are projective
functions from X to X; and X5, respectively. Properness connects topological aspects of the
involved spaces. The following examples are natural instances of proper spans:

X is a Cartesian span if X = X; x X5 and ¢ and i are the natural projections.

X is a variable span if X1 = Ev(Vary), X2 = Ev(Vars), and X = Ev(Vary; U Vary) for some
sets of variables Var; and Vars, and ¢; and 1o are the natural projections.

X is a ddentity span if X = X1 = Xo and ¢1(z) = 2 and 1o(z) = 2 for all z € X.

Span couplings are a crucial notion for our approach towards a composition operator
in the next section. Given p; € Prob(X;) and ps € Prob(X3), we call p € Prob(X) a
X-coupling of (p1, p2) if (¢1)4(p) = p1 and (12)3(p) = p2. Recall that (¢1)y and (12); denote
the pushforwards of ¢; and s, respectively. A span coupling places two probability measures
in the same probabilistic space specified by the span by exhibiting an adequate witness
measure over pairs. Thus, the ordinary notion for couplings is generalized. For all x and
[ We use x|y, |z, fi1, and gz as shorthand notations for vy (x), ta(), (¢1)s(p), and (e2)s (k)
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respectively. Given x1 € X7 and x5 € X5, we then write 1 X o if there exists z € X where
x)y = x1 and x = xo. Similarly, we write p1 X'€ pp if there is a X-coupling of (u1, p2). We
sometimes drop the projection functions from the tuple and refer to (X, X1, X») as a span.

Probabilistic version. There are various operations for spans that yield complex spans
out of some given basic spans. The question whether the operation preserves properness
is important for practical purposes. For instance, a countable product of proper spans
yields a proper span again. Within stochastic models, the following operation is important:
For a span X = (X, X1, X2, t1,t2) its probabilistic version is given by the tuple Prob(X’) =
(Prob(X), Prob(X7), Prob(X5), (t1)s, (t2)s). Notice, Prob(X) involves all X-couplings and
w1 X € po iff pg Prob(X) ps for all py € Prob(X;) and ps € Prob(X5).

» Proposition 2. The probabilistic version of a span is a span. Moreover, the probabilistic
version of a proper span is proper as well.

The claim regarding properness follows from Prokhorov’s theorem [8], which characterizes
relatively compact subsets of Prob(X): If P C Prob(X) is a set of probability measures, then
P is relatively compact in Prob(X) iff P is tight in Prob(X), i.e., for every € € R+ there is
a compact set K C X where u(K) > 1—¢ for all p € P.

Span inverse. In a compositional setting, the states of the components determine the states
of the composed system. Within our approach, a state as an element of X in the composed
system is not required to be uniquely determined: Given a span X = (X, X1, X»), 1 € X,
and xo € Xo, every x € X where T =11 and T2 = T2 stands for a state in the composed
system resulting from the states x; and x5 of the components. However, in applications later
it is important to have a mapping with additional properties: Given a span X = (X, X7, X»),
a Borel function f: X; x Xy — X is called an X-inverse, if for all 1 € X; and x5 € X3, if
x1 X g, then f(x1,22))1 = 21 and f(x1,22))2 = 22.

» Theorem 3. FEvery proper span X has an X -inverse.

It follows pq X€ o iff g Rel(X)* o for all p; € Prob(X;) and ps € Prob(Xs), where
Rel(X) = {(z1,2)2) ;2 € X}. Our proof of Theorem 3 is an application of a measurable
selection theorem [10]: Take some 2 € X and define ®: X; x Xy — 2% ®(zy,79) =
{x € X ;21 = z1 and x)p = 22}, if the set on the right-hand side is non-empty, and
®(x1,29) = {&}, otherwise. It suffices to argue that ® admits a measurable selection, i.e.,
there is a measurable function f: X7 x Xo — X where f(z1,22) € ®(x1,22) for all 1 € X3
and z9 € X5. To do so, we rely on results from descriptive set theory. Notice, together with
Proposition 2, Theorem 3 yields an Prob(X)-inverse if X' is proper, which is an important
observation for our discussions later. This is not obvious even for simple spans considering
for instance the probabilistic version of a variable span. We remark that there are spans X
that have no X-inverses and thus, the properness assumption is important (cf. appendix).

3.2 Composition

A major objective in defining compositional frameworks is to separate the concerns of
components specifying the operational behavior and composition operators addressing their
interaction or coordination. We start with two STSs T; = (51,1, =) and T2 = (S2, T2, —5),
where we assume S7 and Sy are Polish spaces. To declare the interactions between 7; and
T2, we specify a set of synchronization labels Sync C T'; N Ty, a span § = (5,571, 52) to
characterizes the state space of the composition, and an so-called agreement G = (LCy, LC5)
between 77 and T5. Here, LC'y and LC5 are so-called local constraints and for the moment,
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to present the central definition of this paper, it suffices to require LC1, LCy C S x Prob(S).
Intuitively, we use local constraints to specify the behavior of local variables within local
transitions (see below).

» Definition 4. We define the STS 77 ||s,g,sync T2 = (S,T'1 UT'2, —), where for all s € S,
v €T, and u € Prob(S) it holds s —7 p iff one of the following three conditions hold:

v €'y \ Sync and sy =] p; and s LCy pu.
v €Ty \ Sync and s LCy p and sj3 =3 fija.
v € Sync and sj; —] p1 and sjp =3 p)2.

To illustrate the crux of our composition operator, we regard the case where S is a Cartesian
span, i.e., S = 51 xSy. Former approaches [49, 18] assume that 7; and 72 behave stochastically
independent in a synchronizing step, i.e., if s|; —7 w1 and 5|2 —3 po, then s <=7 g @ po in
T ||§?I T3. Our operator does not rely on any stochastic assumptions: Instead of considering
only the independent coupling we take all the couplings into account, i.e., if s|; —7 w1 and
5|2 —J p2, then s =7  for all couplings p of (u1, 12). During a discussion about the example
from the introduction and SHMASs, we will see how additional stochastic information between
the components can be incorporated within our general framework.

Local constraints. Our composition operator is indexed by a span, which determines the
dependencies between the states of 77 and 7T5. For instance, one can specify shared and
local variables using the variable span. When composing STSs, one has to ensure that local
transitions and variables of the components behave in a compatible way. Let us illustrate this
and regard again the case where S is a Cartesian span. If 77 performs a local transition, i.e., a
transition that is labeled by some «y € I'1 \ Sync, then the current state of 73 must not change.
The properties of a local constraint should hence guarantee s LC, p iff pj = Dirac[s)o]. It
then follows that (s, s2) =7 p1 @ Dirac[se] for all sp € Sy and s —7 pq1 where v € I'1\Sync.
Of course, the same discussion applies for 77 and the local constraint L. This leads to the
following requirements for a local constraint LCy C S x Prob(S):

For all s € S and p € Prob(S), if yo = Dirac[s2], then s LC p.
For all s LCo pu and p’ € Prob(S), if p; = ,uh and pjp = ;42, then s LCo /.
For all s LCo p, if pj; 8¢ Dirac[s|o], then u is a S-coupling of (11, Dirac[s)s]).

The requirements for LCy are similar. Intuitively, the first requirement for LC'5 ensures that
the ST'S 75 cannot block a local transition of 77 which is not critical from the view of 75, i.e.,
variables of T, are not affected within the transition of 7;. Thus, such local transition of 7Ty
are independent of 75 and can happen autonomously. Different couplings of given probability
measures cannot be distinguished within local constraints imposed by the second property.
The third requirement intuitively demands that whenever 7; performs a local transition
where no local variables of 75 are modified, the state of 73 must not change. In case of a
Cartesian span the above requirements yield

LCy = {((s1, s2), 1 ® Dirac[sz]) ; s1 € S1 and sz € Sy and p; € Prob(S7)} and
LCy = {{(s1, s2), Dirac[s1] ® ps) ; s1 € S1 and s3 € Sy and ps € Prob(S3)}.

Hence, the agreement G is uniquely determined by STSs 7; and 72. We thus simply write
T1 |Ix,sync T2 instead of 71 ||s,g,sync T2. Observe that 71 ||« sync T2 and 77 H?;,nc To are
not bisimilar in general. This is due to the fact that our composition operator does not
incorporate any stochastic assumptions concerning the interaction of 71 and 73. In case
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where S is a variable span, i.e., S; = Ev(Vary), Sy = Ev(Vary), and S = Ev(Var; U Vary) for
some sets of variables Var; and Vars, there are more possible local constraints:

LCY = {(e,n) € S x Prob(S) ; nsvar = Dirace|svar] implies 7)var, = Dirac[ejvar,]}
LCY = {(e,n) € S x Prob(9) ; MLvar, = Diraclejivar,]}, and
LCY = {(e,n) € S x Prob(9) ; Mvar, = Diraclejvar, ]}

are local constraints and LC, O LCy O LCY'. Here, LVary = Vary \ Var; and SVar =

Var; N Vary. Considering for instance LC%5, all the variables in LVary cannot be modified

within a local transition of 7;. Constraint LC%' is more restrictive: Here, all the variables in
Vars are controlled by 75 and cannot be modified in a local transition of 77, i.e., variables in
SVar can be observed by 77 only. It turns out LC”Q D LC5 for every local constraint LC'5.
Every local constraint hence enjoys the property that variables in Vary must not be adapted

within a local transition of 77 if the evaluations of the variables in SVar remain the same.

Example from the introduction. We return to the introductory stochastic systems
illustrated in Section 1. Of course, Baty, Baty, and Dev can be seen as STSs with sets of states
Ev({v1}), Ev({v2}), and Ev({v1,va}), respectively.
When composing them, we need not to worry about
local constraints as there is only one synchronization

Batqs: [ v1=0,u2=0 ]

action a. In what follows, we rely on the obvious rlm [ v1 = 0,02 = 1/3 ]
variable spans. The composition of Bat; and Bats o

yields the STS Bat;s depicted on the right. There 3 [ v1 =1/3,v2=0 ]
are infinitely many transitions: Every solution of the "

linear equation system r1 +7ro =71 +1r3 =r9+14 = [vl =1/3,v2 = 1/3]

r3+14 = 1/2 where r1, 79, 73,74 € [0, 1] represents a

coupling of the involved measures. When composing

Batio and Dev, the set of all couplings is refined. We are moreover able to handle more
complex stochastic information that depend on the operational behavior of the components.
To illustrate this, assume systems which result from Bat; and Bats such that a can be
executed repeatedly (e.g., add some local transitions back to the blank state). An additional
component might encode that, if the system has crashed repeatedly in the past, the event
that the stored energy drops to 0 in both batteries at the same time becomes more likely
within an execution of . We emphasize that the ordinary composition of STSs can be
expressed within our framework using an additional component (cf. appendix).

3.3 Congruence

In the context of process calculi, an important issue of bisimulation is the compatibility
with syntactic operators in the process calculus, such as parallel composition. We show
that bisimulation is a congruence for our composition operator under reasonable side-
constraints, i.e., our composition operator enjoys the substitution property with respect to
bisimulation. Suppose STSs 7;1 = (Sal,Fl, *)al), 7:,,2 = (Sag,rg, *)a2), 7?,1 = (Sbl,Fl, *)bl),
and Tp2 = (Sp2, T2, —p,) such that 741 ~ Tp1 and Tao ~ Tpo. Define

To = Ta1 ||Sa,6a,5nc Taz  and Ty, = Tp1 ||s,,6,,5ync To2,

where Sync C T'y Ny, Sy = (Sa, Sa1,Sq42) and S = (S, Sp1, Sp2) are proper spans, and
Go = (LCy1,LCG2) and Gy = (LCh1, LCh2) are agreements. Assume R; is a bisimulation for
(Ta1, Tp1) and Ry is a bisimulation for (7,2, Tp2) and define

Ry ARy = {{(Sa,Sp) € Sq X Sp; Sal1 Ry Sb|1 and Sal2 Ry 5b\2}'
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We aim to show that R; A Rs is a bisimulation for (75, 7,) and hence T, ~ Tp,. However, we
cannot expect this result without any compatibility requirements for the involved spans and
agreements, since important relationships concerning the communication of the components
are determined within our composition operator. This motivates the following notions: We
refer to the tuple C = (84, Sp, R1, R2) as span connection and call C adequate if for all
ta1 RY po1 and o RS pupo it holds piq1 S¢ pa2 iff pe1 S ps2. Intuitively, adequacy requires
that the existence of span couplings is preserved by the relations R; and Rs. Observe, if
S, and S, are Cartesian spans, then C is always adequate. The local constraints LC,2 and
LCys are called C-bisimilar if for all s, (R1 A Ra) sp holds:

For all 14 € Prob(S,) and pp1 € Prob(Sy1), if sq LCa2 i and pe)1 RY pp1, then there is
up € Prob(Sy) where sy LC2 jip, ppj1 = fio1, and piqjz RS pip)2-

For all i € Prob(Sy) and pq1 € Prob(Sa1), if sy LCy2 pp and a1 RY pip)1, then there is
Ha € Prob(Sq) where sq LC a2 fa, flaji = ta1, and fig)o RY pp)o.

LC 41 and LCy; are called C-bisimilar if analogous properties are fulfilled. Observe that
the stated requirement is motivated by the definition of bisimulation in the sense that each
element of a local constraint LC,2 can be mimicked by LCs regarding the relations R; and
Ry. If LC 42 and LCy as well as LC,; and LCyp are C-bisimilar, respectively, then we refer
to G, and G, as C-bisimilar.

» Theorem 5. If the span connection C is adequate and the agreements G, and G, are
C-bisimilar, then Ry A\ Ry is a bisimulation for (Ta, Tp).

The challenging part of the proof can be summarized by the following claim (cf. appendix):
Let j1q € Prob(Sa), i1 € Prob(Sp1), and ppa € Prob(Syz) where g1 RY pup1 and pqjo RS prpo.
Then there is an Sp-coupling up of (1451, fp2) such that pg (R1AR2)™ pp. Our proof of this claim
proceeds as follows. Assume W is a weight function for (jq(1, R1, p1) and Wy is a weight
function for (p,2, R2, pp2). Using disintegration of measures [39], there are Markov kernels
k1: Sa1 — Prob(Sa2) and ky: Sy — Prob(Syz) such that Wi = g1 3 k1 and W = fig)2 X ko.
The crucial point is now to argue that there is a Markov kernel k: S, — Prob(S,) where k(s,)
is an Sp-coupling of (k1(sq4)1), k2(84j2)) for pe-almost all s, € S,. Here, we make use of an
Sp-inverse (cf. Theorem 3). With this Markov kernel at hand, we define W € Prob(S, x Sp)
by W = pux k and pp € Prob(Sy) by pp(Mp) = W(S, x Mp). It turns out that pp is an
appropriate Sp-coupling. To summarize, we defined a potential weight function W out of the
weight functions W7 and W5 and then introduced the measure p; via W.

Path measures. When resolving the non-determinism in STSs using schedulers, one
obtains a probability measure — the path measure — on the set of all infinite paths of the
STS [18]. Besides our congruence result, we expect compatibility of path measures induced
by schedulers in our compositional framework. To provide an intuition, assume STSs 77 and
T> and let 7 be an ST'Ss obtained by a composition involving 7; and 75. Assume that &
and & are schedulers for 77 and 72, respectively, and & is a scheduler for 7. If & satisfies
certain compatibility requirements regarding &; and G2, one can show that the induced
path measure for 7 is a coupling of the corresponding path measures for 7; and 7. Here,
we consider a natural span that connects the sets of all infinite paths of 77, 72, and T.

4 Stochastic hybrid motion automata

We apply our general results of the preceding sections and develop a compositional modeling
framework for stochastic hybrid systems. The formal definition of our model relies on a
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standard schema of hybrid automata [3, 34, 31], i.e., there are a discrete control structure
consisting of locations and jumps in-between, and continuous variables whose values evolve
according to a flow formalized by a motion function. Within a jump, the variables can be
updated instantaneously. The novelty of our approach is that every jump is indexed by a set
of those variables that are not affected in the corresponding discrete step. As a consequence,
the adjustment of flows is always accompanied by a specific command.

Syntax. Every jump in our hybrid-automaton model is labeled by a command: Given a set
Var of variables and a set Act of actions, a command on (Var, Act) is a tuple (c, o, V, upd)
consisting of a guard ¢ € Cond(Var), an action a € Act, a set of disabled variables V' C Var,
and an (non-deterministic) update upd: Ev(Var) — 2Pb(Ev(Van) where ny, = Diracle|y] for
all n € upd(e) and e € Ev(Var). Cmd(Var, Act) denotes the set of all commands on (Var, Act).
Intuitively, a jump is enabled if the current variable evaluation satisfies the guard. The action
name indicates whether the jump is an internal location switch or subject to an interaction
with another component. The set of disabled variables specifies those variables which are not
affected within the jump. This also clarifies the additional requirement for updates.

» Definition 6. An SHMA is a tuple (Loc, Var, Act, Inv, Mot, =) where Loc is a finite set
of locations, Var is a set of variables, Act is a set of actions, Inv: Loc — Cond(Var) is an
invariant function, Mot: Loc — 2Fw(Van) is o motion function which assigns a shift-invariant
set of flows to every location, and — C Loc x Cmd(Var, Act) x Prob(Loc) is a jump relation.

We write [ -{ emd > A instead of (I, emd, A} € —. The behavior in a location [ depends on the
current variable evaluation e. In a discrete step, a jump ! - ¢, o, V,upd |» A where e |= ¢ is
chosen non-deterministically. Then, action « is executed and a successor location is sampled
according to A\. The evaluation of the variables changes according to a non-deterministically
chosen probability measure contained in upd(e). Entering a location I, a flow in Mot(l’) is
also chosen non-deterministically and the variables then evolve according to this flow.

Semantics. Every SHMA H = (Loc, Var, Act, Inv, Mot, —) can be interpreted as an STS
resulting from unfolding. In what follows, S = Loc x Flow(Var) denotes the set of states.
Notice, S constitutes a Polish space as Flow(Var) is known to be a Polish space [8]. Intuitively,
a state (,19) represents the actual location ! and the current active flow ¢, i.e., ¥ corresponds
to the flow chosen in the preceding jump. Moreover, ©#(0) stands for the present variable
evaluation. We call (I,49) well-formed if ¥ € Mot(l) and 9(0) = Inv(1).

There are two kinds of transitions within our STS for H, namely transitions where time
passes and transitions corresponding to a jump. Time can pass in a location [ as long as the
flow does not violate the invariant Inv(l). Transitions for jumps are more intricate. Assume
Il - e, a,V,upd » X is enabled in state (I,9), i.e., e = ¢ where e = ¥(0). Basically, jumps
in SHMAs proceed in two phases: First, a successor location and a variable evaluation are
sampled according to A and some 7 € upd(e), respectively. In the second phase, a flow is
chosen non-deterministically for those variables which are not disabled, i.e., the variables
in Var \ V. This is formalized as follows: A flow adapter for (9,V) is a Borel function
X: Loc x Ev(Var) — Flow(Var) such that for all I’ € Loc and €', & € Ev(Var):

X(ll7 el)\V = 19|V and eiVar\V = éiVar\V lmphes X(llv el)\Var\V = X(l/> é'I)|Var\V-

Intuitively, if state (I’, ¢’) is sampled within the first phase of a jump, then x(I’, €’) represents
the new flow, i.e., the flow which determines the evolution of variables in a subsequent time
passage. The first condition for a flow adapter requires that the flow for disabled variables is
not allowed to change. The required implication ensures that a flow is chosen independently
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of the disabled variables. This is important for our compositional approach, as we want to
make sure that the choice of a new flow in an SHMA obtained by composition does not
depend on the local variables of the respective communication partners. If x is a flow adapter,
then we define the auxiliary function X: Loc x Ev(Var) — S, x(l,e) = (I, x(l, e)).

» Definition 7. The semantics of H is given by the STS [H] = (S, T U Act, —), where — is
the smallest relation satisfying the following requirements for all well-formed states s = (I, ¥):

For all T € T, if 9(t) = Inv(l) for every t € [0,T], then s —! Dirac[(l,9 & T)].

For all [ ¢, o, V,upd}» A, n € upd(e), couplings v of (A, 1), and flow adapter x for (¢, V),
if e = ¢ and for v-almost all (I’,e’) € Loc x Ev(Var) the state (I, e’) is well-formed, then
s = X4(v). Here, we abbreviate e = 9(0).

An SHMA almost surely enters a well-formed state, i.e., if s =7 pu where v € T U Act, then
s’ is well-formed for p-almost all s’ € S. We emphasize that for our approach concerning the
adaption of flows it is crucial that the current flow is part of a state. Otherwise, it would be
not possible to ensure that the flow for disabled variables is not allowed to change.

Composition. We now introduce a composition operator for SHMAs. For i € {1,2} let
H; = (Loc;, Var;, Act;, Inv;, Mot;, —,) be SHMAs. When running H; and #s in parallel, H;
and Ho synchronize on all actions contained in Act; N Acts and the variables in Var; N Varg
are shared, i.e., Vary \ Vary and Vars \ Var; represent the sets of the respective local variables.
Abbreviate Loc = Loc; x Locy, Var = Var; U Vara, and Act = Act; U Acty. Let upd; and upd,
be updates for Var; and Varg, respectively. The Var-lifting of (updy, upd,) is the update upd
for Var such that for all e € Ev(Var), upd(e) consists of all » € Prob(Ev(Var)) where njvar, = m
and 7jvar, = 72 for some 71 € upd(ejvar,) and 72 € upd(e|var,). We define Var-liftings with
respect to an update accordingly, i.e., upd is a Var-lifting of upd; if for all e € Ev(Var),
upd(e) consists of all € Prob(Ev(Var)) where 7., = 1 for some 71 € upd(ejar,) and
Nvar\Var, = Dirac[e|van\var,]. Notice, the definition of Var-liftings involves couplings concerning
a variable span, which provides a connection to the preceding sections.

» Definition 8. H; || H2 = (Loc, Var, Act, Inv, Mot, —) is the SHMA with Inv(ly,l5) =
Invy(11) Alnva(lz) and Mot(ly, o) = {9 € Flow(Var) ; 9jvar, € Moty (1) and ¥}var, € Mota(l2)}
for all (I1,12) € Loc and — is the smallest relation such that (l1,l2) - ¢, , V,upd ] A, if A is
a coupling of A; € Prob(Loc;) and Ag € Prob(Locy) and one of the following statements hold:

a € Acty \ Acta, Ao = Dirac[ly], and there is [ | ¢1, @, Vi,upd; |, A; such that ¢ = ¢,
V =V3 U (Varg \ Vary), and upd is the Var-lifting of upd,.

a € Acty \ Acti, A1 = Dirac[l4], and there is Iy - ¢, a, Vo, updy |5 Ao such that ¢ = ¢y,
V = V2 U (Var; \ Vary), and upd is the Var-lifting of upd,.

a € Act; N Acty and there are Iy - ¢1, o, Vi, upd; > A1 and Iy - c2, @, Va, updy |5 Ao
where ¢ = ¢; Acg, V = V3 U Vs, and upd is the Var-lifting of (upd,, upd,).

When composing SHMAs, local variables of participating SHMAs become disabled for
corresponding internal jumps. Within our semantics, flow adapters thus ensure that the
adaption of flows in internal jumps in H; || H2 are independent of the local variables of
the respective communication partners. Moreover, flows for local variables of Ho cannot be
adapted within an internal jump of H; and vice versa. It is easy to see that the composition
operator for SHMAs is commutative and associative.

Congruence. We aim for a congruence theorem for SHMAs relying on Theorem 5. For
this, we relate the composition of SHMAs with our general approach towards a composition
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of STSs, i.e., we represent the STS [H; || #1] as a composition involving the components
[H1] and [H2]. Notice that sampling a successor location in H; || Hs happens according to
a coupling measure. This observation also applies when combining measures for locations
and variable evaluations within our semantics of SHMAs. To this end, it is easy to define
the corresponding span S and agreement G such that

[Ha || He] = [H1] lls..ActinAct, [Ha]-

More precisely, S is a span arising from a Cartesian span for the locations and a span for the
sets of flows. For the agreement G, we regard local constraints where the shared variables can
be modified by both involved systems H; and Ha. The obtained representation of [H; || Hz]
underpins again the flexibility of our composition operator for STS.

We rephrase Theorem 5 in the context SHMAs. Two SHMAs are bisimilar if their
semantics in terms of STSs are bisimilar. Let H,1 and Hp; be SHMAs with the same sets of
variables Vary and actions Act; and similar, let H,o and Hye be SHMAs with variables Vars
and actions Acte. Abbreviate LVar; = Vary \ Vary, LVary = Vars \ Vary, and SVar = Var; NVars.

» Theorem 9. Let Ry and Ry be bisimulations for (Ha1, He1) and (Haz, Hpz), respectively.
Hat || Haz and Hpy || Hez are bisimilar if Ry and Ry do not involve shared variables, i.e.,

Ry = {({la1, Ya1|Lvar, W 9%), (Ib1, Op1|Lvar, & 9%)) ;

(la1,Ya1) Ry (Ip1,Dp1) and 9° € Flow(SVar)},
Ry = {{{la2, Daz|tvar, ¥ I°), {lo2, Dpa|ivar, & 9°))

(laz, Daz) Ra (ly2, Op2) and 9° € Flow(SVar)}.

Our requirement that R; and Ry do not distinguish between shared variables yields the
compatibility assumption required for Theorem 5. Our proof then simply exploits the
representation of [Hq1 || Haz] and [Hpr || Hpz] in terms of a composition of STSs.

5 Concluding remarks

In this paper, we introduced a generic parallel-composition operator for STSs and SHMAs.
The essential new feature that distinguishes the novel composition from previous ones is that
it uses the mathematical concepts of spans and couplings to model the effect of composing
(potentially dependent) stochastic behaviors. The latter is crucial for systems where the
components communicate via shared variables. A further feature of the novel stochastic-
hybrid-system model (SHMA) is that the adaption of flows depends on commands rather
happening on arbitrary occasions. We proved important algebraic properties in the context
of composition, e.g., congruence with respect to bisimulation. This shows that even within
our generic operator one does not have to forgo desired properties of compositional systems.
There is plenty room for further elaborations. Firstly, we are going to develop a mathematical
theory for SHMA that also involves stochastic flows. Furthermore, we will work on a modeling
language for couplings and spans in order to obtain a theoretical basis for practical tools. Also
other kinds of models, where spans yield a powerful approach for compositional modeling,
could be investigated. Moreover, our approach concerning couplings as a modeling formalism
enables many new verification questions, e.g., for directly reasoning about the coordination
between components.
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A Descriptive set theory
A.1 In the zoo of spaces

Polish spaces. A Polish space is a separable completely metrizable topological space. We
endow a Polish space X with its Borel sigma-algebra, i.e., the sigma-algebra generated by
the open (or equivalently closed) subsets of X. Moreover, we refer to a measurable subset of
X as Borel set.

» Remark 10 (Proposition 3.3 and Theorem 17.23 in [39]). The following statements hold:

1. If X is a Polish space and A C X is an open or a closed subset of X, then A is a Polish
space when equipped with the induced topology concerning X.

2. If X is a Polish space, then Prob(X) is a Polish space when equipped with the topology
of weak convergence.

3. If (Xp)nen is a sequence of Polish spaces, then [, .y X, is a Polish space when equipped
with the product product topology.

Standard Borel spaces. A measurable space (X, M) is called a standard Borel space if
there exists a Polish topology O on X such that Borel(O) = M (cf. Definition 12.5 in [39]).
Here, we refer to a topology O on X where (X, Q) is a Polish space and Borel(O) = M as a
Polish topology for X. The Polish topology for X is not uniquely determined, which turns
to be beneficial, as the next remarks illustrate. As for Polish spaces we refer to measurable
subsets of standard Borel spaces as Borel sets.

» Remark 11 (Theorem 13.1 in [39]). Let (X, O) be a Polish space and M C X be a Borel
set. Then, there is a Polish topology O on X such that O C Oy, Borel(O) = Borel(Oyy),
and M is clopen in Oyy.

» Remark 12 (Corollary 13.4 in [39]). Let X be a standard Borel space and M C X be a
Borel set. Then, M equipped with the induced sigma-algebra from X is also a standard
Borel space. Notice, the claim is basically a corollary from Remarks 10 and 11

» Remark 13 (Theorem 13.11 in [39]). Let (X1, ;) be a Polish space, (X3, O3) be a second-
countable space, and f: X; — X5 be a Borel function. Then there is a Polish topology
Oy on X; such that O; C Oy, Borel(O1) = Borel(Oy), and f is (Of, O2)-continuous. In
particular, the claim holds if X5 is a Polish space as every Polish space is second countable.

» Remark 14 (Corollary 4.5 in [55]). Let X be a standard Borel space and M C X be a
Borel set. Then, {Dirac[m] ; m € M} is Borel in Prob(X).

Disintegration of measures.

» Remark 15 (Disintegration, Exercise 17.35 in [39]). Let X; and X5 be Borel spaces and
i € Prob(X). Define p11 € Prob(Xy) by 1 = fy(p) where fi1: X1 X Xo = X1, f(x1,22) = 2.
Then, there exists a Markov kernel k: X; — Prob(X3) such that u = uy x k, i.e., for all
Borel sets M C X; x X, the function g: X7 — [0,1], g(z1) = k(z1)([#1]am,—) is Borel and

p(M) = / o(z1) dyus (1),

Borel functions. A Borel function is a measurable function between standard Borel spaces.
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» Remark 16 (cf. Proposition 3.1.21 in [52]). Given standard Borel spaces X and Y and a
Borel function f: X — Y, then the graph of f is Borel in X x Y.

» Remark 17. Let X; and Xs be Polish spaces and let f: X — Y be a function. If f is
Borel function, then f is a Borel function (cf. Theorem 17.24 in [39]). If f is continuous,
then f; is continuous. Let us give recall the argument for the second part and assume that f
is continuous. Suppose a sequence of probability measures (un)nen in Prob(X) such that
(tn)nen converges to p € Prob(X). We justify that (fi(un))nen converges to fi(n). Let
g: Y — [0,1] be a bounded and continuous function. Then their composition go f: X — [0,1],
go f(z) = g(f(x)) is bounded and continuous and therefore

lim [ g(y) dfy(pn)(y)

n—oo

= lim [ go f(z)dun(z)

n—oo

- / g0 f(z) du(x)
- / o(y) dfs(10)(v).

Thus, (f¢(ftn))nen converges to fy(u). We conclude that fy is continuous.

Souslin sets. Given a Hausdorff space X, a subset M of X is called a Souslin set in X if
there is a Polish space X); and a continuous function f: X3, — X such that f(Xy) =M
(cf. Definition 6.6.1 in [10]). The empty set is agreed to be Souslin as well. A Souslin space
is a Hausdorff space that is a Souslin set.

» Remark 18 (Theorem 6.6.7 in [10]). Every Borel subset of a Souslin space is a Souslin set.

» Remark 19 (Theorem 6.7.3 in [10]). Let X; and X5 be Souslin spaces and f: X; — X5 be
a Borel function. Then, f(M;) is Souslin in X, for all Souslin sets M; C X and f~!(M>) is
Souslin in X for all Souslin sets My C Xs.

» Remark 20. There exists a Borel set M C R x R such that its projection on the first
coordinate is not Borel in R, i.e.,

My = {r1 € R; thereis ro € R where (r1,79) € M}

is a set, which is not Borel in R. Observe, M; is Souslin set in R using Remark 19: since one
has fl(M) = M1 where fll X1 X X2 — Xl, fl(l'l,xg) =1.

» Remark 21 (Corollary 1.5.8 in [9] and Theorem 7.4.1 in [10]). Let X be Hausdorff space,
i € Prob(X), and M C X be Souslin. There exist Borel sets M;, M,, € X such that
M, C M C M, and pu(M;) = p(M,).

Compact sets. Let X be a topological space. We call a set P C Prob(X) tight if for every
e € Ry there exists a compact subset KX C X such that for all 4 € P it holds p(K) >1—¢
(cf. Section 5 in [8]).

» Remark 22 (Prokhorov's theorem, Theorems 5.1 and 5.2 in [8]). Let X be a Polish space.
A set P of probability measures on X is tight iff P is relatively compact.

» Remark 23. Let X be a metric space and (x,), be a sequence. Then, (z,,), converges in
X iff the set {z,, ; n € N} is compact in X. The claim follows from the fact that in metric
spaces the notions of compactness and sequential compactness coincide.
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Couplings. Remind the definition of couplings where X; and X, are measurable spaces:
Given p; € Prob(X;) and ps € Prob(X3), a coupling of (p1, 12) is a probability measure
1 € Prob(X; x X3) such that for all measurable sets M; C X; and My C Xo,

,u(Ml X Xg) = /J/l(Ml) and
(X1 x Ma) = pa(Mz).

» Proposition 24. Let X; and Xo be measurable spaces, 1 € Prob(X1), and z2 € Xos.
There exists exactly one coupling of (u1, Dirac[za]), namely p; ® Diraclzs].

Proof. Suppose pu is a coupling of (u1, Dirac[xs]). For all measurable sets M; C X; and
Mg - XQ, if T2 ¢ MQ, then N(Ml X Mz) = 0 since

/.L(Ml X Mg) < /.L(Xa X Mg) = Dirac[ajg](Mg) =0.
Given measurable sets M7 C Xy and My C X5 where x4 € M, we obtain
p(My x Ma) = p(My x Xa) — p(My x (X2 \ M2)) = p(My X Xo) = puy (My).

Putting things together we have u(M; x My) = uy(My) - Dirac[xs](Ms) for all measurable
sets M; C X1 and My C X5. From this the claim follows. |

A.2 Relations

In this section we study relations between measurable spaces and discuss important properties
for the remainder of this work.

Sections of relations. Given sets X; and X5 and a relation R C X; x Xs, for every
r1 € X7 and x9 € X5 define

[#1]r— = {25 € Xa; 21 Rab} and [xo]- g = {2} € X1 ;2| Raa}.

» Remark 25 (Lemma 9.6.1 in [48]). Let X; and X5 be measurable spaces and R C X; x X5
be measurable. For all 1 € X7 and x2 € X5 the sets [x1]g,— and [z2]_ g are measurable in
X1 and Xs, respectively.

» Proposition 26. Let X1 and Xy be metric spaces and R C X1 x Xo be closed. Then,
[z1]r,— and [z2]_ g are closed in Xo and X1, respectively. Moreover, if X1 and Xo are
sigma-compact, then [z1]r,— and [x2]— r are sigma-compact in Xo and X1, respectively.

Proof. For reasons of symmetry it suffices to consider the claims concerning the set [z1]g,—
for all 1 € X;. Let ;1 € X;. Given the assumption that R is closed in X; x Xs, it is easy
to see that [r1]r,— is closed in Xs. Let us recall the argument and suppose (z2,,)n is a
sequence in [z1]gr,— that converges in X5. Denote the limit by x5 € Xo. Then, ({(z1,%2.1))n
is a sequence in R which converges in X7 x X3 and has limit (z1,22). Since R is closed in
X1 X Xo, it follows x1 Rxo and hence x5 € [r1]r,—. Thus, [x1]g — is closed in X5.

Assume X, is sigma-compact and let (K,), be a sequence of compact sets K,, C X,
n € N, such that Xo = (J, oy Kn. Since [z1]g,— is closed in Xy, the set [z1]r,— N K, is
compact in X5 for all n € N. Moreover,

[21]r- = J (e1]r- N Kn)

neN

and hence, [z1]g,— is sigma-compact in Xs. <
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Stable pairs. Suppose sets X; and X5 and a relation R C X; x X5. Given sets A7 C X,
and Ay C X5 we refer to the pair (A;, As) as R-stable if RN (A; X X2) = RN (X7 x A3).

Quasi-equivalence relations. In what follows we introduce quasi-equivalence relations,
that generalizes the notion of equivalence relations. Let X7 and X5 be sets and R C X7 x X5
be a relation. We call R Ir-total (in X1 x X3) if [x1]r,— and [z2]_ g are non-empty for all
x1 € X1 and 9 € X5. We say that R is z-transitive if for all 21 Rxo, 1 Rab, and o} Rxs it
holds z{ Rxh. We call R a quasi-equivalence (in X1 x X3 ) if R is Ir-total in X; x X5 and
z-transitive. The next proposition connects the notion of quasi-equivalences and equivalences.

» Proposition 27. Let X be a set. Fvery equivalence in X is a quasi-equivalence in X x X.
Vice verca, a quasi-equivalence in X x X, that is reflexive in X, is a equivalence in X.

Proof. Let R C X x X be a relation. Assume R is an equivalence first. Using the reflexivity
of R it follows that R is Ir-total. To see that R is z-transitive assume z7 Rxo, x1 R,
and 7] Rxy. Since R is symmetric it holds zj Rxs, xo Rz, and x; Rxf. Applying the
transitivity of R we obtain 2} Rz} and hence R is z-transitive. This proves the first part of
the proposition.

Suppose R is an quasi-equivalence that is reflexive. Let z1 Rxs. Since 1 Rx, and x5 R s,
the z-transitivity of R yields xo R x1, which shows that R is symmetric. It remains to show
that R is transitive. For that assume z7 Rz and x9 Rx}. Since x5 R o, the z-transitivity
of R again implies x1 R x5. <

» Proposition 28. Let X1 and X5 be sets and R C Xy X X5 be z-transitive. Then,

R = U [1‘2]_,RX [xl]R,—~

Ty R{L’Q

Moreover, for all 1 Rxo and x R},

(2]
iff [ro]-rO[2h) - p#@
iff [r1]r— N[z}]r— # 2
iff [r1]r— = [1]R,-

If in addition R is lr-total in X1 x Xa, then for every R-stable pair (My, Ms),

M1= U [1‘2}_7}{ and MQZ U [xl]R_.
T2E€EM> x1E€M;

Proof. The arguments are straightforward applying the definitions. |

We introduce a stronger variant of Ir-totality in X; x X next. Suppose X; and Xo
are measurable spaces and R C X7 x Xo. We call R strongly Ir-total (in X1 x Xs) if there
are measurable functions f1: X7 — X» and fo: Xo — X such that graph(fi;) € R and
graph(f2)™! C Ri.e., for all ; € X; and x5 € Xo,

1 R fi(w1) and  fo(z2) Rxo.

Moreover, R is a strong quasi-equivalence (in X1 X X5) if R is strongly Ir-total in X; x Xo
and z-transitive. Obviously, every strong quasi-equivalence in X; x X5 is a quasi-equivalence
in X; X X5. Reverse direction later ...
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Measurable selection theorems. Let X5 and X; be measurable spaces and f: Xo — X3
be some surjective function. To obtain an right inverse g of f, i.e., a function g: X; — X5
where f(g(z1)) = 27 for all 1 € X3, one can proceed as follows: For every z; € X; pick
some element xo € Xy where f(x3) = x; and define g(z1) = x2. However, one often needs
a function g which is measurable as well. The latter aspect illustrates one motivation for
the research on so-called measurable selection theorems in descriptive set theory [54, 10].
To describe the (more general) setting shortly one starts with a relation R C X; x X5
and seeks for sufficient conditions that ensure the existence of a measurable selection of R,
i.e., a measurable function g: X; — X5 where graph(g) C R. For the sketched application
concerning a right inverse of f we can then simply instantiate R = graph(f)~*
every measurable selection of R constitutes a right inverse of f.

since here

» Remark 29 (Theorem 3.5 in [54] or Theorem 6.9.6 in [10]). Let X; and X3 be Polish spaces
R C X7 x X5 be a Borel set. Assume [z1]g, — is non-empty and sigma-compact in X for all
21 € X;. Then there exists a Borel function f: X; — X5 such that graph(f) C R.

» Proposition 30. Let X, and X5 be sigma-compact Polish spaces and R C X1 X X5 be a
closed set. Then, R is lr-total iff R is strongly lr-total. In particular, R is an quasi-equivalence
iff R is a strong quasi-equivalence.

Proof. Assume R is Ir-total. Our task is to show that R is strongly Ir-total. We first observe
that R is Borel in X7 x X5. Let 21 € X; and x5 € X,. Since R is Ir-total the sets [z1]g,—
and [z2]_ g are non-empty. As R is closed in X7 x Xg, the sets [x1]g,— and [zo]_ g are
closed and thus sigma-compact in X5 and X7, respectively (cf. Proposition 26). We are in
the situation of Remark 29 that finally yields the claim. |

Diagonal relation. We introduce a special equivalence relation on a set X next: The
diagonal relation on X is given by

Diagx = {(z1,22) € X x X ;w1 = x2}.

» Remark 31. Given a topological space X, it is well-known that X is Hausdorff iff the
diagonal relation on X is closed in X x X. It follows that for every standard Borel space X
the diagonal relation on X is Borel in X x X. The argument is straightforward: Suppose O
is a Polish topology for X, then Diagy is closed in O ® O and hence Borel in X x X.

Countably separated relations. When we discuss weight functions in Section A.3 count-
ably separated relations will become of crucial interest. Let X; and X5 be measurable spaces
and R C X; x X5. We say that R is countably separated if there exists a standard Borel
space X and measurable functions k1: X7 — X and ko: X5 — X such that

R = {<.Z‘1,$2> € X1 x X 3 /@1(331) = KZQ(JJQ)}.

Here, we then say that (X, k1, k2) countably separates R. Notice that if R is countably
separated, then R is an quasi-equivalence in X7 x X5. The idea behind the notion of countably
separated relations is to distinguish the sets [z2]_ g X [z1]r,— by assigning to them an
element of X where z1 Rx2. Indeend, for all z1 R x5 and (2}, 25) € [x2]— r X [x1]r,— We have
k1(x)) = k2(xh). This idea is not new for the case where X; = X5 (cf. Exercise 5.1.10 in [52]):
Here, one defines that R C X7 x X is countably separated if there are a standard Borel space
X and a measurable function x: X7 — X such that R = {{x1,2]) € X1 x X1 ; k(z1) = k(z})}
(and thus R is an equivalence in Xp). Notice, in this case X; = X5 the requirement in our
definition is weaker.
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We know regard the question when a given quasi-equivalence relation is countably
separated. Here, we rely on results presented in [52] concerning equivalence relations. The
idea is to transform an quasi-equivalence relation in an appropriate equivalence relation and
then rely on results proven in [52].

» Theorem 32. Let X; and X5 be Polish spaces and R C X7 X Xo be an strong quasi-
equivalence, which is closed in X1 X Xa. Then, R is countably separated.

Proof. Define R C R x R by
R = {{{x1,12), (z,25)) € R X R;x1 Rab}.

We argue that R’ is an equivalence in R. Reflexivity is clear. Symmetry can be seen as
follows. Let (x1,x2) R’ (x,25). Thus, 21 Rz, 2} Rab, and x1 Ra%. Since R is z-transitive,
we obtain z) Rxzo and thus (2}, z5) R’ (x1,22). It remains to show transitivity. Suppose
(x1,22) R’ (2, xh) and (x),25) R’ (zf,24). As R’ is symmetric, (x,2%) R («], z5). We have
x1 Rxh, zf{ Rab, and 2 Rz}. The ztransitivity of R therefore implies 1 R 24 and hence
<£C17 1‘2> R <x,1/’ x/2,>

Since R is closed in X7 x Xo, the set R equipped with the topology induced by X; x X3
constitutes a Polish space (cf. Remark 10). Furthermore, the set R’ is closed in R x R, which
can be seen as follows: Define the continuous function f: R x R — X7 x X5,

f(<$1,l‘2>, <x'1,x'2>) - <931,33/2>.

Since R is closed in X; x Xs, the set R' = f~!(R) is closed in R x R.
We are in the situation of Proposition 5.1.11 in [52] and thus there exist a standard Borel
space X and a Borel function x': R’ — X such that

R ={{(z,2"y € Rx R; K'(z) = ' (2")}.

We exploit that R is strongly Ir-total in X7 x X5 now. Let f1: X7 — Xs and fo: Xo — Xo
be a Borel function such that x1 R f1(z1) for all 1 € X; and fa(z2) Rxy for all x5 € Xo.
Define the Borel functions k1: X; — X and ko: Xo — X by

k1(z1) = k(x1, f1(z1)) and

K}Q(xQ) = /43(332; fQ(xQ))

for all z1: X; and z9 € X5. We claim that (X, k1, ko) countably separates R.
We observe,

k(21,12) (x1,25) for all x1 Rwy and xy Rz, and

=K
k(z1,22) = K

(2}, o) for all z1 Rxo and | Rxs.

Indeed, if ©1 Rzo and 1 R b, then (x1,z2) R’ (x1, x%) and thus k(z1,x2) = k(z1,25). Analo-
gously, given x1 R xo and 2} Rxo, then (z1,z2) R’ (z], z2) and therefore k(x1, x2) = k(x], z2).

We finally show R = {(x1,29) € X1 X Xo; k1(x1) = ka(x2)}. Let 21 € X7 and x5 € Xo.
Assuming x1 R x4, it follows

k1(z1) = k(21, fi(21)) = K21, 22) = K(f2(T2), 72) = Ka(2).
If k1(x1) = Ka(x2), then
k(x1, fi(x1)) = ki(z1) = K2(22) = K(f2(22), 22)

and with that (xq, f1(z1)) R’ {f2(x2), x2), which yields z1 R xs. <
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» Corollary 33. Let X, and X5 be sigma-compact Polish spaces and R C X1 X X5 be an
quasi-equivalence, which is closed in X1 x Xo. Then, R is countably separated.

Proof. Proposition 30 and Theorem 32 yield the claim. |

A.3 Weight functions

In the context of bisimulation for probabilistic systems an important question is how to lift a
relation R C X; x X5 to probability measures, i.e., to a relation R’ C Prob(X;) x Prob(X3).
For a conservative notion of a lifting it is for instance desirable to have Dirac[z1] R’ Dirac|xs)
for all 1 Rxo. We recall the weight lifting of relations next, discuss related literature, and
present results that connect the weight lifting with ths so-called stable-pair lifting.

Let X; and X5 be measurable spaces. Assuming a relation R C X1 X Xo, a weight
function for (u1, R, ps2) is a coupling W of (ui,ps2) such that zq Rao for W-almost all
(x1,79) € X1 X Xo, i.e., there exists a measurable set R’ in X; x X5 where R’ C R and
W(R') = 1. Notice, R is not required to be measurable. The weight lifting of R is given by
R C Prob(X;) x Prob(X32) such that for all 11 € Prob(X;) and ps € Prob(X3),

w1 RV po  iff  there is a weight function for (1, R, p2).

The probability-theory community has investigated sufficient and necessary conditions
for the existence of a weight function for (u1,R,pu2), e.g., [53, 28, 40, 50]. The most
distinguishing fact of these articles is the assumption concerning the involved spaces X; and
X,. For instance, [53] considers Polish spaces, [28] investigates compact Hausdorff spaces,
and [50] generalizes results to Hausdorff spaces. Weight functions have been attended in the
verification community as well, e.g., [49] (cf. Section 8.2) or [7] where X; and X5 are supposed
to be finite. In [7] one characterizes the existence of weight functions in terms of maximum
flows in networks (cf. Lemma 5.1) which enables an algorithm to decide p1 R™ po where pq,
w2, and R are the inputs of the decision problem (cf. Lemma 5.2). The idea concerning
maximum flows in networks is also applied in [43, 42] (cf. the proof of Proposition A.7).

» Proposition 34. Let X1 and X5 be measurable spaces, R C X1 x X5 be a relation, x1 € X1,
and xo € Xo. Then, Diracxz1] R" Dirac[xs] implies x4 Rxo. Moreover, if there is a measurable
set R C Xy x Xy where (x1,29) € R’ C R, then Dirac[xz1] R¥ Dirac[xs]. In particular, if X
and Xo are standard Borel spaces, then

x1 Rxo iff Diraczi] RY Dirac[xa].

Proof. Assume W is a weight function for (Dirac[z1], R, Dirac[xs]) and R’ C X; x X5 is a
measurable set such that R’ C R and W(R’) = 1. According to Proposition 24 we thus
have W = Dirac[z1] ® Dirac[x2] and hence (x1,2z3) € R’ C R, that shows the first part of the
proposition.

Given a measurable set R’ C X; x X5 where (x1,z2) € R’ C R, then it easy to
see that Dirac[z1] ® Dirac[xs] is a weight function for (Dirac[z1], R, Dirac[z2]) and hence
Dirac[z1] R" Dirac[zs].

If a topological space satisfies the separation axiom 77, then the singleton subsets are
closed and hence Borel. Thus, whenever X; and X, are standard Borel spaces, then {(z1, z2)}
is Borel in X; x X5, which yields the remaining claim. |

Considering the literature concerning LMPs and NLMPs [24, 25, 19, 47, 23, 55, 6] there
is another approach of lifting relations to probability measures summarized next. Let X3
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and Xs be measurable spaces and R C X; x Xo. The stable-pair lifting of R is the relation
R* C Prob(X;) x Prob(X5) such that for all u; € Prob(X;) and ps € Prob(X5),

pa R po i pn (M) = pa(Ma)
for all measurable M; C X; and My C Xowhere (M, Ms) is R-stable.

Remind, (M7, Ms) is R-stable pair if RN (M x X3) = RN (X7 X M3).
» Proposition 35. Let X1 and Xo be measurable spaces and R C X, x Xo. Then, R* C R".

Proof. Let u; € Prob(X;) and pus € Prob(Xs) be such that g R py. Assume W is a
weight function for (u1, R, ue) and R' C X; x Xo is a measurable set where R* C R and
W(R') = 1. Suppose measurable sets M; C X; and My C X where (M, My) is R-stable,
i.e., Rﬂ(Ml X XQ) = Rﬂ(Xl X Mg), also R’ﬂ(Ml XXQ) = R/Q(Xl X Mg) Since W(R/) = 1,

= M2
From this we obtain p1 R® o, which finishes our proof. |

» Example 36. Let X = {0,1} and consider the relation R C X x X defined by R =
{{0,0),(1,0),(1,1)}. Since (0,1) ¢ R we obtain (Dirac[0], Dirac[1]) ¢ R* by Proposition 34.
However, it is easy to see that (Dirac[0], Dirac[1]) € R*® since (&, &) and (X, X) are the only
R-stable pairs. It follows R®* € R™. We observe that R is no quasi-equivalence.

We now discuss condtions which ensure that the two notions of liftings coincide, i.e., R* = R®.
Having Proposition 35 in mind, we aim for conditions where R° C R™. Example 36 teaches
us that it is appropriate to restrict to quasi-equivalences. In the discrete setting there is
the following result (cf. Lemma 8.2.2 in [49]): If R is an quasi-equivalence relation between
countable sets, then R” = R?®. The proof idea can be applied for quasi-equivalence relations
R between arbitrary measurable spaces if R admits a countable Borel decomposition [24].

We aim to show that if R is countably separated, then R® = R™. For this purpose we
present the following two lemmas first.

» Lemma 37. Let X be a standard Borel space. For all py, ps € Prob(X),
p1 Diagl po  iff pu Diagi pe iff w1 = pa.

Proof. Remind, Diagy is Borel in X x X by Remark 31. It turns out that u Diag’y p for all
w € Prob(X). Let us see why and define the Borel function f: X — X x X, f(z) = (z,z).
Then,

fe(n)(Diagx) = p(f ' (Diagx)) = u(X) =1

and for all Borel sets M C X it holds f~*(M x X) = M and f~1(X x M) = M and thus,

Fe(p)(M > X) = p(f7H(M x X)) =
Fe(@)(X x M) = p(fH(X x M)) =
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Therefore, fy(1) is a weight function for (p, Diagy, 1) and thus pq Diag po.

Let 1, po € Prob(X) be such that uy Diagy ps. Proposition 35 yields p; Diag po. For
every Borel set M C X the pair (M, M) is Diagy-stable and hence pi(M) = ps(M). Tt
follows pu; = o, which yields the claimed equivalence. |

» Lemma 38. Let X1, Xo, X1, and Xo be standard Borel spaces, R C X; x Xo, and
11 € Prob(X1) and ps € Prob(Xs). Moreover, assume Borel functions f1: X1 — X1 and
fg: X9 — Xo. Deﬁne

fir = (f1)s(m1), A2 = (f2)s(p2), and R={(fi(z1), f2(x2)) ; 21 Raa}.

The following statements hold:
1. py RY py implies fiy RY fis.
2. p1 R? g implies fix R* fia.

Proof. Ad (1). Let O, and O, be Polish topologies for X; and Xs, respectively. According
to Remark 13 there are Polish topologies O; and Oy on X; and Xs, respectively, such that
f1 is (O1, Oy)-continuous and f5 is (Og, Oy)-continuous. In what follows we suppose X; and
X, are equlpped with the topologies O and Oy, respectively. Define the continuous function

f: X1><X2—>X1><X2,
fla1,@2) = (fi(z1), f2(22)).
Notice, R = f(R). Assume u; R™ yo and let W be a weight function for (u1, R, 12). Define
W = fy(W).
We claim that W is a weight function for (fiq, R, fi2). For every Borel set M; C X it holds
N (M) x Xy = f~1(M; x X5) and therefore,
(M) = (fy H(M)) = W (M) x Xo) = W(f7H (M x X2)) = W(M; x Xa).

Analogously, fio (Mg) = W(Xl X MQ) for all Borel sets My C X5. Therefore, W is a coupling

of (fi1, fiz)-
It remains to show that &, R &5 for W-almost all (Z1,22) € X x Xy. Let R' C X1 x X»

be a Borel set such that R C R and W(R’) = 1. Then, f(R’) is a Souslin set in X; x Xo.

According to Remark 21 there exist Borel sets R;, R, C X, x X5 such that R, C f(R) C R,
and W(R;) = W(R,,). Using R’ C f~*(f(R")) € f~*(R,) we obtain

W(R) =W (Ry) =W(f '(Ra) 2 W(R) =1

Since R; C f(R') C f(R) = R it follows that W is indeed a weight function for (fi1, R, fi2).

Ad (2). We assume 1 R® 1. Let Ml C Xl and 1\2/2 - Xz be measurable sets such that
(M, Ms) is a R-stable pair. We argue that (f; 1 (M), f; '(Ms)) is R-stable first. Let 21 Ry
where 1 € f] ( 1). Then, fi(x1) ng(atg) and fi(z1) € M;. Since (Ml,M2> is R-stable, it
thus follows f3(x2) € My and so x5 € f; *(My). Therefore, Rﬂ(f1 LMy x Xo) C Rﬂ(Xl X

f5 Y(My)). One analogously shows reverse inclusion RN(f; LMy)x X5) D RN(X1 x fy H(Msy)).

We obtain that (f; (M), f; *(My)) is R-stable. Using 1 R® iz,

fir(My) = pa (f; H(M1)) = po(f5 ' (Mz)) = fiz(Mo).

This finally implies fi; R® fio. <
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» Theorem 39. Let X; and X5 be standard Borel spaces and R C X1 x Xo. Suppose
(X, K1, k2) countably separates R. Then, R* = R*. Moreover, for all p; € Prob(X7) and
2 € Prob(X5),

pi R po iff g ROpo iff  (k1)g(pa) = (k2)g(pe)-

Proof. Let p; € Prob(X;) and ps € Prob(X3). In Proposition 35 we have already seen the
first implication, i.e., u1 R" po implies py R® pio. Assume pq R® po now. Since (X, K1, k2)
countably separates R,

Diagyx = {{k1(z1), K2(x2)) ; 21 Rxa}.

Therefore, (x1)s(p1) Diagk (k2)s(p2) by Lemma 38 (2). and hence (k1)y(p1) = (k2)y(p2)
applying Lemma 37. For the remaining implication, i.e., there is a weight function for
(p1, R™, po) provided (k1)4(p1) = (k2)4(u2), see Proposition A.7 in [43, 42]. <

We use the notations from Theorem 39 and consider the following implication,

(k1)g(p1) = (K2)g(p2) implies 1 RY po.

This implication has been also attended in [24, 25, 26, 27] where one discusses this problem
in a categorial setting in the context of the existence of pullbacks. For a quick overview and
more details we refer to [47] (cf. the first part of Chapter 13).

Let us state two important corollaries of Theorem 39.

» Corollary 40. Let X, and X5 be Polish spaces and R C X, X X5 be an strong quasi-
equivalence, which is closed in X1 x X1. Then, RY = R°.

Proof. Theorems 32 and 39 yield the claim. <

» Corollary 41. Let X, and X5 be sigma-compact Polish spaces and R C X1 x X5 be an
quasi-equivalence, that is closed in X1 x Xo. Then, R¥ = R*.

Proof. The claim follows from Corollary 33 and Theorem 39. |

B Spans

B.1 Basic notions

» Definition 42. A span is a tuple (X, X7, Xo, 11, t2) consisting of Polish spaces X, X7, and
X9 and continuous functions ¢1: X — X7 and to: X — X5. We call a span (X, X1, Xo, 1, t2)
proper if L;l(Kl) N Lgl(Kg) is compact in X for all compact sets K1 C X; and Ky C Xo.

Let X = (X, X1, Xa,11,t2) be a span. We refer to ¢; and t2 as the X-projections. If there is
no room for confusion, then we write x|; and x|, instead of 1 (2) and to(x), respectively, for
all x € X. For a short notation we sometimes drop the X-projections from the notation and
refer to (X, X1, X2) as a span. Given 27 € X; and xo € Xo, then we write 21 X' x4, if there
exists € X such that z; = z; and x5 = x5. We define the relation Rel(X') C X; x X5 by

ReI(X) = {<J)1,$2> € X1 xXo1 Xxg}.
» Example 43. We consider important instances of proper spans where X = (X, Xy, X, 11, 12):

1. X is a Cartesian span if X = X; x X5 and ¢ and t2 are the natural projections.
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2. X is a variable span if X; = Ev(Vary), Xo = Ev(Varg), and X = Ev(Var; U Vary) for some
sets of variables Var; and Vars, and ¢; and ¢ are the natural projections.
3. X is an identity span if X = X1 = Xo and ¢1(z) = 2 and t3(z) = z for all z € X.

It is not difficult to give a span, that is not proper: Consider for instance the span X =
(R3 R, R, 11,t2) where t1: R® — R, 11(r1,72,73) = 71 and t9: R — R, 15(r,72,73) = 7o.
Here, for every compact sets K1 C R and K5 C R it holds Lfl(Kl) ﬂbgl(Kg) =K; x Ky xR
and hence, 17 (K7) Nty ' (K3) is not compact in R3.

» Proposition 44. If X = (X, X1, X3) is a span where X is compact, then X is proper. In
particular, every span (X, X1, Xo) with finite set X is proper.

Proof. Let X = (X, X3, Xo,11,t2) be a span and assume X is compact. Let K7 C X; and
K5 C X5 be compact sets. It is well-known that compact sets in Hausdorff spaces are closed
and thus, K7 and K are closed in X7 and X5, respectively. Using the continuity of ¢; and ¢
the set 171 (K1) Ny ' (K2) is closed in X. Since X is compact, ¢ * (K1) Ny *(K>) is therefore
compact in X. This yields the claim. |

» Proposition 45. Let X = (X, X1, Xo,t1,t2) be a span. For all compact sets K1 C X1 and
Ky C X the set o7 (K1) Nyt (Ky) is compact in X iff it is relatively compact in X .

Proof. The argument is as in Proposition 44: Given compact sets K1 C X; and Ky C X,
then ¢7 1 (K1) N1y (K>) is closed in X. A closed set is compact iff it is relatively compact
and hence we are done. <

» Proposition 46. Let X = (X, X1, X2) be a span. The following statements are equivalent:

1. X is proper.

2. The function 1: X — X1 x Xo, 1(x) = (|1, 2)2) 15 proper, i.c., 171 (K12) is compact in X
for all compact sets K15 C X1 X Xo

3. For all converging sequences (x1n)n in X1 and (x2.,)n in X2 the statement below holds:
If (zn)n is a sequence in X such that Tp|l = Tin and Tpz = T2p for all n € N, then
(zn)n has a subsequence, that converges in X.

Proof. Throughout the proof denote the X'-projections by ¢; and is.

(1)=(3). Suppose X is proper. Let (21 ), and (z2,,), be converging sequences in X; and
Xo, repsectively. Assume (x,), is a sequence in X such that Tp|t = T1n and Tpz = Top for
all n € N. Define K7 = {21, ; n € N} and K3 = {22, ; n € N}. Having Remark 23 in mind,
K, and K5 are compact in X7 and X5, respectively. Since X is proper, Lfl(Kl) N L;l(KQ) is
compact in X. As (), is a sequene in ;' (K1) Nty (Ks), there thus exists a subsequence
of (z,)n, that converges in X.

(3)—(2). Assume statement (3) holds. Let K12 be a compact set in X; x X3 and define
K = 171(Kj2). As in Propositions 44 and 45, K is closed in X. Thus, it order to show
that K is compact, it suffices to justify that every sequence in K has a subsequence, that
converges in X. Let (z,), be a sequence in K. Then, (z,1), and (z,)2), are sequences
in K7 and K>, respectively. Since K7 is compact in X7, there exists a strictly increasing
function o1 : N — N such that (24, (5)1)n converges in X;. Since (25, (n)j2)n is a sequence in
K as well, there is a strictly increasing function oo: N — N where (24, (o, (n))|2)n converges
in X5. Define 0: N — N by 0 = 03 ¢ 0. Subsequences of converging sequences converge
as well and thus, (2, (n)j1)n and (Zg(n)j2)n converge in X; and Xs, respectively. Applying
(3), (Zo(n))n has a subsequence that converges in X. Of course, this subsequence is also a
subsequence of (x, )y, that finally yields the claim.
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(2)—(1). Given compact sets K1 C X; and K5 C X, the Cartesian product K; x K is
compact in X; x Xy. Since ¢ (K1) Ny (K2) = 1= (K x K3), the claim follows. <

» Proposition 47. Let X = (X, X1, X5) be a span. The following statements hold:

1. Rel(X) is a Souslin set in X1 X Xo.
2. If X is proper, then Rel(X) is closed in X7 x Xs.

Proof. Define the continuous function ¢: X — X x X, t(x) = (2|1, 7)2). Since Rel(X) =
1(X), claim (1) follows by the definition of a Souslin set.

We consider statement (2) and assume that X is proper. We justify that the limit
of every convergent sequences in Rel(X) is contained Rel(X). From this the closeness of
Rel(X) immediately follows. Let ((x1,,Z2n))n be a convergent sequence in Rel(X’) and
(x1,m2) € X1 X X5 its limit. Notice, (z1,,)n converges to z; and (x; ), converges to zs.
By the definition of Rel(X’) there exists a sequence (2, )nen in X such that x,; = 21, and
Ty = T2, for all n € N. According to Proposition 46 (3) there is a strictly increasing
function o: N — N such that (z,,))n converges in X. Denote the corresponding limit by x.
Since ¢1 is continuous, (T4 (n)1)n converges to z|; in X;. Therefore,

r1 = lim x1, = lim 1 ,,) = Im Te@m)n = o)1
n—oo n—oo n—oo

One similiar shows z2 = x| and hence x; X w5. This finishes the proof. |

» Example 48. There exists a span X = (X, X, X5) such that Rel(X") is not Borel in
X1 x X5. Let us give the details. Having Remark 20 in mind there exists a Borel set
M C R x R such that My = M; = {r; € R; thereis r5 € R where (ry,r2) € M} is not
Borel in R. Denote the natural topology on R x R by Op. Since M is Borel in R x R
there is a Polish topology O on R x R such that M € O and Ony C O. (cf. Remark 11).
Thus, the set M equipped with the induced topology of (R x R, Q) constitutes a Polish
space (cf. Remark 10). Moreover, using Oy C O, the function ¢t1: M — R, 11(r1,72) =71 is
continuous. Of course, the constant function to: M — {0}, t2(r1, r2) = 0 is continuous as well.
Therefore, X = (M, R, {0}, ¢1,t2) is a span. However, Rel(X) is not Borel in R x {0} since
Rel(X) = M; x {0}. As a side remark it follows that X’ is not proper by Proposition 47 (2).

B.2 Span couplings

Given a span X' = (X, X1, X, 11,12) and p € Prob(X), then we write y; and p) as shorthand
notations for (¢1)g(p) = p1 and (e2)y(p) = pa, respectively.

» Definition 49. Let X = (X, X1, X5) be a span and p1 € Prob(X;) and ug € Prob(Xs), A
probability measure p € Prob(X) is called a X-coupling of (p1, u2) if

pip=p1 and  pg = po.
If there exists a X'-coupling of (u1, t2), then we denote g X po.
» Proposition 50. If X = (X, X1, X5) is a span, then for all x1 € X1 and x4 € X,
x1 Xxo iff Dirac[z] X¢ Diraclza].
Proof. The claim follows directly from Proposition 34. |

» Proposition 51. If X = (X, X, Xs) is a Cartesian span, then py X pus for all p; €
Prob(X;) and ps € Prob(X5).
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Proof. Given a Cartesian span X = (X, X1, Xs), i.e., X = X; x Xy, then p; ® pg is a
X-coupling of (p1, ) for all uy € Prob(X7) and us € Prob(Xa). <

» Proposition 52. Given a span X = (X, X1, X2), for all u1 € Prob(X1) and ps € Prob(Xs),
p1 X pe  implies  py Rel(X)™ pe  implies g Rel(X)® po.

Proof. Denote the X-projections by ¢1: X — X7 and t2: X — X5. Let p1 € Prob(X;) and
1o € Prob(Xs) be such that pq X'€pus. Suppose p is a X-coupling of (p1, p2). Define the
Borel function ¢: X — X1 x Xo, 1(z) = ()1, )2) and let W = 14(p). We claim that W is a
weight function for (p, Rel(X), u2). It is not hard to see that W is a coupling of (1, p2).
Indeed, for every Borel set M7 C X7,

W (M x Xo) = p(e™ (M x X2)) = p(eyH(M1)) = ppn(My) = pa(My),

Analogously, W (X7 x Ms) = pua(Ms) for all Borel sets My C Xo.

We show that x1 Rel(X) x5 for W-almost all (z1,23) € X; X Xa. According to Propo-
sition 47 (1), Rel(X) is a Souslin set in X; x X;. By Remark 21 there exist Borel
sets Ry, R, C X; x X5 such that R; C Rel(X) C R, and W(R;) = W(R,). Notice,
X =1 (Rel(X)) €7 Y(R,) € X and thus X = 71 (R,). It follows

W(R) = W(Ry,) = p(t (Ry)) = p(X) = 1.

Therefore, W is a weight function for (1, Rel(X), o) and hence pq Rel(X)™ us.
By the help of Proposition 35, p; Rel(X')® uy follows from uy Rel(X)™ us and hence our
proof is complete. <

For proper spans we can strengthen the first part of Proposition 52: We will see that for all
11 € Prob(Xy) and ps € Prob(X5s) one has puy X€ ug iff g Rel(X)Y uo provided X is proper
(ct. Corollary 60 below). Remind that we have already discussed the connections between
the weight lifting Rel(X)™ and the stable-pair lifting Rel(X)® in Section A.3.

B.3 Operations for spans

There are various operations for spans, that yield complex spans out of some given basic
spans. The question whether the operation preserves properness is important for practical
purposes.

Probabilistic version.

» Definition 53. Given a span X = (X, X1, Xo, 11, t2), its probilistic version is defined to
be the tuple

Prob(X) = (Prob(X), Prob(X1), Prob(X2), (¢t1)s, (¢2)4)-

» Proposition 54. The probabilistic version of a span is a span. Moreover, the probabilistic
version of a proper span is proper as well.

Proof. Let X = (X, X1, Xo,t1,t2) be a span. According to Remark 17 the pushforwards of
t1 and ¢ are continuous. Since Prob(X), Prob(X3), and Prob(X) are Polish spaces when
equipped with the topology of weak-convergence (cf. Remark 10), respectively, the tuple
Prob(X) constitutes indeed a span.
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Assume X is proper now. Our task is to show that Prob(X') is proper. To that end let
Py C Prob(X;) and P, C Prob(X3) be compact sets and define P = (Ll)ﬂ*l(Pl) N (Lg)ﬂ*l(Pg),

i.e.,
P = {p €Prob(X); u € Py and p), € P}

It is enought to show that P is tight in Prob(X) since it then follows that P is relatively
compact in X (cf. Remark 22) and thus compact in X (cf. Proposition 45). Let € € Rx.
According to Remark 22 the sets P; and P, are tight in Prob(X7) and Prob(X3), respectively.
There hence exist compact sets K1 C X7 and Ky C X3 such that ui(K7) > 1 —¢/2 for all
w1 € Py and po(Ks) > 1 —¢/2 for all pus € Py. Define

K =7 (K1) Nyt (Ky).
Using that X is proper we conclude that K is compact in X. Moreover, for all u € P,

n(X\ K)
p(er (X \ Kp) Uiy (X2 \ Ka))

< pler (X \ K1) A+ paen (X2 \ Ka)
= (X \ K1) + ppa(Xa \ K2)
< €/2+¢/2

and thus p(K) > 1 —e. It follows that P is tight in Prob(X). As discussed before this yields
that the probabilistic version of X" is proper. |

Cartesian product.

» Definition 55. Let N C N be a non-empty set and for every n € N suppose a span
X = (Xny X1y X2y 1,0, t2,n). The Cartesian product of (X,)nen is defined by the tuple
[L.en &n = (X, X1, X5, 01,12), where

X=1[ %0 Xi=][Xin Xo=1]] Xom

neN neN neN

and ¢t1: X — X7 and 12: X — X5 are given by
u(@)[n] = tin(zn]) and wa(z)[n] = 20 (xn]),
respectively, for all x € X and n € N.

» Proposition 56. Let N C N be a non-empty set and for every n € N let X, be a span.

Then, [I,,cn Xn is a span. Moreover, if X, is proper for alln € N, then [], oy Xn is proper.

Proof. For every n € N assume the span X, is given by X, = (X,,, X1 0, X2.ns 1,0, L2,n). Let
X, X1, X2, 11 and 1o be given as in Definition 55 and abbreviate X =[],y &,. Reminding
Remark 10 the sets X, X7, and X5 constitute Polish spaces, respectively. It is easy to see
that ¢; and ¢35 are continuous and hence, X is indeed a span.

Suppose X, is proper for all n € N and let K7 and K> be compact sets in X; and Xs,
respectively. In order to show that X" is proper, we argue that K is compact in X, where
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K = L;l(Kl) N Lgl(Kz). For every n € N define the continuous functions L) X1 = X1
and tg )2 X2 — Xop by

tin)(z1) = x1[n] and g ) (22) = 22[n]
for all 1 € X7 and x5 € X5, respectively. For every n € N let

Ky = t1,n) (K1) and K ) = Lo, (K2).

Define K/ C X by
K =g ([T Kvp) 0z (T Kom)-
neN neN

It is well-known that the continuous image of a compact set is compact and thus K p,,; and
K3 ) are compact in Xj , and X3 p, respectively, for all n € N. Since

K'= H 0 (K1) N g (K2, )
neN

and X, is proper for all n € N, the set K’ is hence compact in X applying Tychonoff’s
Theorem. We conclude that K is compact in X observing K C K’ and the fact that K is
closed in X (cf. our argument for Proposition 44). This finishes our argument. <

B.4 Span inverse

» Definition 57. Let X = (X, X3, X5) be a span. A Borel function f: X; x Xy — X is
called an X -inverse, if for all 1 € X; and x5 € Xo,

vy Xxp implies f(z1,22) =21 and f(21,72))2 = 2.

» Example 58. We present a span X, which has no X-inverse. According to Corollary 6.9.10
in [10] (for definitions see also for page 33 in [10]) there are Polish spaces X and X; as well
as a continuous and surjective function ¢ : X — X satisfying the property below: ¢; has no
Borel right inverse, i.e., there is no Borel function g: X; — X such that for all z; € X3,

t(g(r1)) = 1.

We consider the span X = (X, X1, Xo,11,t2) where Xo = {0} and t2: X — X5, t2(x) = 0.
Notice, for every z; € X; and xo € X5 it exists x € X where T = 11 and Tp = T2

Towards a contradiction assume f: X; x Xy — X is an X-inverse. Then, f is Borel and
hence h: X7 — X, h(x1) = f(x1,0) is Borel as well. Moreover, for all 27 € Xq,

ti(h(z1)) = t1(f(21,0)) = 21.

This contradicts the fact that there is no Borel right inverse of ¢1. It hence follows that there
exists no X-inverse.

» Theorem 59. Fvery proper span X has an X -inverse.

Proof. Our argument relies on a measurable selection theorem. Let X = (X, X, Xo, 1, t2)
be a proper span and Z € X and abbreviate X125 = X; x X5. Define the Borel function
t: X = Xi2, 1(x) = (@)1, 7)2). Moreover, let R C X152 x X be given by

R = graph(¢) "' U ((X12 \ Rel(X)) x {#}).
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Observe that R is a Borel set in X712 x X since graph(¢) is a Borel set in X2 x X (cf. Remark 16)
and Rel(X) is a Borel set in X329 (cf. Proposition 47 (2)). For all (z1,z3) € X312 N Rel(X),

(w1, 22)]R— = i7" ({1}) Nig " ({a2})

is compact in X using the assumption that X is proper. For all (z1,2z3) € X312 \ Rel(X),

[(z1,22)]R,— = {2}

is compact in X as well. Putting things together [(x1,z2)]r,— is compact in X for all
(x1,22) € X12. We are in the situation of the measurable selection theorem given in
Remark 29 and hence there exists a Borel function f: X5 — X such that graph(f) C R, i.e.,
for all 1 € X and x4 € Xo,

(z1,22) R f(21,22).
It is easy to see that f is an X-inverse, that finishes our argumentation. |

» Corollary 60. Let X = (X, X1, X2) be a proper span. For every pu; € Prob(X;) and
2 € Prob(X3) the following equivalence holds,

pr X po iff  p Rel(X)™ po.

Proof. Denote the X-projections by ¢1: X — X7 and t2: X — X5. Let p1 € Prob(X;) and
ta € Prob(X5). Proposition 52 already shows one implication of the claimed equivalence.
We consider the remaining implication and assume pq Rel(X)* ps. Let W be a weight
function for (u1, Rel(X), uz). Remind, Rel(X) is a Borel set in X; X X5 by Proposition 47 (2).
According to Theorem 59 there exists an X-inverse f. Set p = f;(W). It turns out that s is
a X-coupling of (111, u2). Indeed, for all Borel sets M; C X7,

(M) NRel(X) = (M x X3) NRel(X)
and therefore

w1 (M)

= py (M)

= W(f (' (My)))
W(f~ (e H(M1)) N Rel(X))
W((M; x X3) N Rel(X))
W (M % Xs)
(My).

=

1

Thus, p; = p1. One similiar shows p5 = p2 and hence we are done. |

» Corollary 61. Let X, = (X4, Xa1, Xa2) be a span and X, = (Xp, Xp1, Xp2) be a proper
span. Suppose Markov kernels k1: Xq1 — Prob(Xp1) and ko: Xa2 — Prob(Xpa). Then there
is a Markov kernel k: X, — Prob(Xy) where for all x4 € Xo, if ki(xq1) Xy k2(24)2), then

k(za) is a Xy-coupling of (ki(zq|1), k2(a)2))-

Proof. Let f: Prob(Xp1) x Prob(Xp2) — Prob(X}) be a Prob(&})-inverse (cf. Proposition 54
and Theorem 59). Define k: X, — Prob(X3),

k(xa) = f(ki(za)n), k2(zq)2))-

Notice, k is a Markov kernel, since the composition of Borel functions yields a Borel function.
Using the fact that f is an Prob(X})-inverse (cf. Definition 57), the claim follows. <
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B.5 Countably separated spans

» Definition 62. We call a span X = (X, X1, X2) countably separated if Rel(X) is countably
separated, i.e., there exists a Polish space X and Borel functions k1: X7 — X and ko: Xo —
X such that

ReI(X) = {<1171,£E2> € X1 X X2 N Hl(l'l) = Ii2($2)},
i.e., for all z1 € X; and 25 € Xs,
X1 XJZQ iff Hl(Il) = KQ(JEQ).

Here, we then say that (X, k1, k2) countably separates X .

» Example 63. Assume X = (X, X1, X5) is a variable span, i.e., X; = Ev(Vary), Xy =
Ev(Vary), and X = Ev(Var; U Vars) for sets of variables Var; and Vara. Denote the set of
shared variables by SVar = Var; N Vary. Then, (Ev(SVar), k1, k) countably separates X,
where #1(e1) = eqjsvar for all e; € Ev(Vary) and ka(e2) = egjsvar for all e € Ev(Vary).

» Proposition 64. Rel(X) is an quasi-equivalence in Xy x Xo for every countably separated
span X = (X, X1, Xa).

Proof. The claim follows directly from the definitions. <

» Proposition 65. Let X = (X, X1, X2) be a proper span and assume (X, k1, ka) countably
separates X. For all pi; € Prob(X1) and pe € Prob(Xs),

pa X pa dff g Rel(X)” o dff p Rel(X)* o dff  (k1)g(p1) = (K2)g(p2).
Proof. The claim is a consequence of Theorem 39. and Corollary 60. <

» Proposition 66. If (X, k1,k2) countably separates the proper span X, then Prob(X) is
countably separated and (Prob(X), (k1)s, (k2)4) countably separates Prob(X).

Proof. Assume (X, k1,k2) countably separates the span X = (X, X1, X5). Of course,
Prob(X) is a Polish space when equipped with the topology of weak-convergence of probability
measures (cf. Remark 10) and (k1); and (k2)s are Borel functions (cf. Remark 17). Let
p1 € Prob(X;) and po € Prob(Xs). To see that (Prob(X), (k1)g, (k2)s) countably separates
Prob(X) we use Proposition 65 and observe

p1 Rel(Prob(X)) o i iy X po iff (K1)5(p1) = (K2)g(p2).

This completes the argument. |

B.6 Span connections

» Definition 67. A span connection is a tuple (X,, Xy, R1, R2) consisting of spans X, =

(Xa,XathQ) and Xb = (Xb7Xb17Xb2) and relations R1 g Xal X Xbl and R2 g Xag X ng.

Let C = (X,, X, R1, R2) be a span connection. Set
Ri Ne Ry = {{za, 1) € Xa X X5 Top1 R1 a1 and 249 Ro 242}
We call C [-adequate if for all (1,1 RY pp1 and pgo RY ppa,

ta1 Xy pao  implies  pp1 Xy a2
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Vice verca, C is called r-adequate, if for all pe1 RY pp1 and pia2 R tpe,
o1 Xy 2 implies  pq1 Xo€ fhaz.
C is defined to be adequate iff C is both, l-adequate and r-adequate.

» Proposition 68. Let C = (X,, Xy, R1, R2) be a span connection. If X}, is a Cartesian span,
then C is l-adequate. Similiar, if X, is a Cartesian span, then C is r-adequate.

Proof. Trivial (cf. Proposition 51). <

» Proposition 69. Let C = (X, X, Ry, R2) be a span connection with X = (X, X1, Xa,t1,2)
being a proper span. Suppose (X, k1, ka) countably separates X. Then, C is adequate if

Ry € {{za1, 1) € X1 X X1 5 k1(%a1) = k1(xp1)}  and
Ry C {(za2, wp2) € X2 X Xo 5 Ka(Za2) = Ka(xp2) }

Proof. For every M C X we justify the following statements first,

(k7Y (M), k71 (M)) is Ry-stable,
(k31 (M), k3 ' (M)) is Ry-stable, and
(k7 N(M), k5 (M)) is Rel(X)-stable.

We argue that (k7' (M), k] (M)) is Ri-stable. If (z41,251) € Ry N (k] (M) x X1), then
k1(xp1) = k1(zq1) € M and hence, (241, 2p1) € R1 N (X7 X nfl(M)). One similar shows the
reverse inclusion, i.e., Ry N (X7 x k71 (M)) € Ry N (k7 (M) x X1). Tt analogously follows
that (kg ' (M), ky '(M)) is Ry-stable.

We show that (k] ' (M), k5 (M)) is Rel(X)-stable. To do so let (x1,2) € Rel(X) N
(k7 (M) x X5). Since (X, k1, ko) countably separates Rel(X), we have kg (29) = #y(21) € M.
Thus, (z1,z2) € Rel(X) N (X x k5 (M)). The reverse inclusion Rel(X) N (X x xy ' (M)) C
Rel(X) N (k71 (M) x X5) follows similarly.

In what follows we conclude the claim of the proposition. Let pq1 Ry pip1 and paz RS ppe
be such that 141 X'€ p1g2. In order to show that C is l-adequate our task is to argue pp1 X pipa.
According to Propositions 35 and 52, for every Borel set M C X,

g (k7 (M) = par (571 (M) = praz(ry ' (M) = ppa(r3 ' (M)

Thus, (k1)3(ps1) = (k2)s(p2) and hence puyy X€ pup2 by Proposition 65. It follows that C is
l-adequate. R-adequacy of C is shown accordingly. |

» Proposition 70. Let C = (X,, Xy, R1, R2) be a span connection. For all pg (Ry Ac R1)™ pw,
Hal1 RY Ho|1 and Ha|2 Ry Ho|2-

Proof. Abbreviate R = R; A¢ R;. Assume the spans are given by X, = (X4, Xa1, Xa2)
and X, = (Xp, Xp1,Xp2). Define the Borel functions ¢1: X, X X — X1 X Xp1 and
ta: Xog X Xp = Xgo X Xpo for all z, € X, and x, € X3 by

11(Ta, ) = <$a\1,$b|1> and  12(2q, 1) = <30a|2>33b|2>~

Let pg € Prob(X,), upy € Prob(X,), and W be a weight function for (pge, R, up). Then,
(t1)3(W) is a weight function for (pg)1, R1,ps1) and (12)y(W) is a weight function for
(Maj2, R2, pp|2). For reasons of symmetry we concentrate on (¢1);(W) only in the following.
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Let ¥ C X, X X, be a Borel set such that R C R and W(R') = 1. Abbreviate
Wi = (11);(W) and R} = ¢1(R’). The set R} is a Souslin set in X1 x X1 (cf. Remarks 18
and 19). Hence, there are Borel sets R};, R}, € Xq1 X X1 such that R}, € R C R}, and
Wi(Ry,) = Wi(R},) (cf. Remark 21). Since R’ C i7" (Ry,),

Wi(Ry) = Wi(Ry,) = W(ei ' (Ry,) = W(R') = 1.

It remains to show that W is a coupling of (g1, ptp/1). Denote the Xj-projections by 141 and
tp1. For all Borel sets M,; C X,1, it holds Lfl(Mal X Xp1) = Lgll(Mal) x X and therefore,
Wi1(Ma1 x Xp1)
= W(i (Ma1 X Xp1))
W (tgi (Mar) % Xp)
paligr (Mar))
= ,ua|1(Ma1)~
One similar shows that Wi (Xa1 X My) = Mbu(Mbl) for all Borel sets My C Xp1. <

» Lemma 71. Let X, and X}, be standard Borel spaces and R C X, x Xp. Let g € Prob(X,,)
and k: X, — Prob(Xy) be a Markov kernel such that 2, Ry for (pg X k)-almost all (x4, xp) €
X, X Xyp. Then, for uq-almost all x, € Xg,

Dirac[z,] R" k(x,).

Proof. Abbreviate W = pu, x k. Let ' € X, x X}, be a Borel set such that R C R and
W(R') = 1. For all z, € X, the set [xq]r/,— is Borel in X, (cf. Remark 25). For every
T, € X, define

W, = Dirac[z,] ® k(z,).

Notice that W, is the only candidate for a weight function for (Dirac[x,], R, k(x,)) for all
Zq € X, (cf. Proposition 24). For every M, C X, and z, € X, observe

T, € M, implies [Tq]r— = [Talrn(M.xx,),— and

o & My implies [zo]pn(a,xx,),— = D-

According to Remark 15 and using W(R’) = 1 we therefore obtain for all Borel sets M, C X,,

/ k() (ol .- ) dpta (i)

a

/ k() (ol oot oy ) dita ()
M,

/ k() (ol oot o)) diia(a)

= W(R, n (Ma X Xb>)
W(Ma X Xb>
= Na(Ma)

/Ma £ () dpta(wa),
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where f: X, = R, f(z,) = 1. Tt follows k(xy)([za]r,—) = f(za) = 1 for pe-almost all
x4 € X, (cf. Folgerung 9.2.5 in [48]). Therefore,

We,({za} X [2a]rr ) = Dirac[za]({za}) - k(z0)([2a]rr,-) = 1

for pg-almost all x, € X,. Since {4} X [24]r,— € R’ C R for all z, € X, our argumentation
for the lemma is complete. |

» Theorem 72. Let C = (X,, Xy, R1, R2) be a span connection with X, = (X4, Xa1, Xa2)
and Xy = (Xp, Xp1, Xp2). Assuming C is l-adequate, for all pg € Prob(X,), us1 € Prob(Xp),
and pyz € Prob(Xy2), if pajn RY po1 and pq) RY w2, then

there exists a Xp-coupling of (pp1, pve) where pg (Ry A¢ R2)™ .

Analogously, assuming C is r-adequate, for all uy € Prob(Xp), pa1 € Prob(Xa1), and s €
Prob(Xa2), if pa1 RY pp)y and pras RY pip)2, then

there exists a X,-coupling of (ta1, ta2) where pg (R Ac R2)™ wp.

Proof. Denote X,-projections by t41 and t42 and the Xj-projections by ¢1 and tye. Abbreviate
R = Ry A¢ Ra. Let pg € Prob(X,), up1 € Prob(Xy1), and ppe € Prob(Xy2) be such that
Pajt RY por and jiq)2 RY pp2. Suppose Wi and Wy are weight functions for (pg)1, R1, tie1)
and (ua|2, Ro, pp2), respectively. Using disintegration of measures (cf. Remark 15) there are
Markov kernels k1: X451 — Prob(Xp1) and ko: X0 — Prob(Xjs) such that

Wi = Ha|1 X ki and Wy = Ha|2 X ko.

According to Lemma 71, for p,;-almost all 241 € Xq1 it holds Dirac[z,1] RY k1(241) and
similiar, for fiq|2-almost all 742 € X42, Dirac[za2] RY ka(242). From this we conclude that for
pe-almost all z, € X,

Dirac[zq)1] Ry k1(wq1) and  Dirac[zg)s] Ry ka(24)2)-

Remind, Dirac[x,1] X, Dirac[z)s] for all x, € X, (cf. Proposition 50). Using the assumption
that C is l-adequate, for pq-almost all 2, € X, it holds ki (zq)1) Xy k2(24)2), i-e., there exists
a Ap-coupling of (k1 (wq1), k2(7q)2)). We are in the situation of Corollary 61 and hence there
is a Markov kernel k: X, — Prob(X}) such that for u,-almost all z, € X,, the probability
measure k(z,) is a Ap-coupling of (k1(74)1), k2(2q)2)). Define

W =pg %k
and let py, € Prob(X}) be given by
po(Mp) = W(Xa X M)

for all Borel sets M, C Xp.

In what follows we justify that up is a Xp-coupling of (pp1, tp2) such that p, R py,. For
that purpose we observe that W is a (X, x A})-coupling of (W7, Wa) first. Define the Borel
functions ¢1: Xg X Xp = X1 X Xp1 and 19: X X Xp — Xao X Xpo by

11(Ta, ) = <Ia\1,$b|1> and  12(2q, 1) = <%|27$b|2>
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for every x, € X, and xp € Xy, respectively. For all Borel sets M,1 C X471 and My; C Xy it
holds Lfl(Mal X Mp1) = Lgll(Mal) X L;ll (Mpy) and therefore, using integration by substitution,

(t1)g(W)(Ma1 x Myy)

- /71 k(xa)(ty," (Mp1)) dpia(zq)
ta1 (Ma1)

= /_1 kl(Lal(lL'a))(Mbl)d,Ua(xa)
Loy (Mar)

/ k1(2q1)(My1) dptg)r(za1)
Maa

W1 (Mal X Mb1)~

Carathéodory’s measure extension theorem yields (¢1)¢(W) = Wi. One similiar shows
(t2)4(W) = Wy and thus, W is indeed a (X, x A})-coupling of (W1, Ws).

Now it is not hard to see that u; is a Ap-coupling of (up1, ts2). Indeed, for all Borel sets
M1 C X3 we have X, X Lb_ll(Mm) = Ll_l(Xal X Mp1) and hence,

o1 (Mp1) = Mb(bb_ll(Mbl)) =W(X, x Lb_ll(Mm)) = Wi (Xa1 X Mp1) = po1 (Mp1).

One analogously justifies py)2 = fip2-

It remains to show p, R" up. To this end we justify that W is a weight function for
(tta, R, pip). Obviously, W is a coupling of (piq, pp). Let R] C Xa1 X Xp1 and Ry C Xgo X Xpo
be Borel sets where W1 (R}) = 1, Wa(Rj) =1, R} C Ry, and R) C Ry. Define

R = 7Y (RY) Ny N (RY).

Then, R’ is a Borel set in X; x X, and R’ C R. Moreover, W(:; *(R})) = Wi(R}) = 1 and
W (31 (RY)) = Wa(RS) = 1 and therefore

W(R') = Wi (Ry) N ey (RBS)) = 1.

We conclude that W is a weight function for (i, R, 1ts) and hence g R™ pp. The remaining
claim of the theorem is proven accordingly. <

Weakly adequate span connections.

» Definition 73. We call a span connection (X,, Xy, R1, R2) weakly adequate if for all
Za1 R1 xp1 and T2 Ro Tpe,

Ta1 Xo Taz it zp1 Xp 2.
» Proposition 74. Every adequate span connection is weakly adequate.

Proof. The claim follows from Propositions 34 and 50. |

» Theorem 75. Let C = (X,, Xy, R1, R2) be a span connection where X, = (X4, Xa1, Xa2)
and Xy = (Xp, Xp1, Xp2). Assume that Rel(X,) and Rel(Xy) are stable-iff-weight and Ry and
Ry are strongly lr-total in X,1 X Xp1 and Xao X Xpo, respectively. If C is weakly adequate,
then C is adequate.
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Proof. Assume that C weakly adequate. For reasons of symmetry we argue that C is 1-
adequate only. R-adequacy is proven analogously. Let pq1 R} pp1 and pe2 RS ppe be such
that pa1 XL pa2. Our task is to justify gy X 2. Let (M1, My2) be a Rel(X;)-stable pair,
where My, and My are Borel sets in X1 and Xy, respectively. The argument proceeds as
follows: We construct a Rel(X,)-stable pair (M,1, M,2), where M,; and Mo are Borel in
Xa1 and X9, respectively, such that

(Mga1, Mp1) is Ry-stable and
(M2, My2) is Ro-stable.

Notice, if we prove this claim, then

o1 (Mp1) = a1 (Ma1) = paa(Ma2) = pp2(Mp2),

that yiels pp1 Rel(X)® up2 and also ppy Rel(Xp)™ wpe using that Rel(X}) is stable-iff-weight.
Corollary 60 thus yields iy X ppo.

We regard the remaining claim. Let f,: Xo1 — Xp1, fo: Xo1 = Xa1, ga: Xao — Xp2
and gp: Xpo = Xgao be Borel functions where for all 2,1 € X,1, p1 € Xp1, Taz € Xa2, and
Ty2 € Xp2,

Ta1 Ry fa(ra1) and  fy(ap:) Ryap  and

Ta2 R2 go(Ta2) and  gp(xp2) Ro Tpo.

Notice, such functions indeed exist due to assumption that R; and Ry are strongly rl-total
in Xq1 X Xp1 and Xgo X Xpa, respectively. The relation Rel(X}) is an quasi-equivalence in
Rp1 X Rpa (cf. Proposition 64). Therefore and as (M1, My2) is Rel(X})-stable, we obtain

Mbl = U ['er]f,Rel(Xb) and Mb2 = U [xbl]Rel(Xb),f'

Tpo € Mpo Tp1 € Mpy

applying Proposition 28. Define

My = U [96(zp2)] - Rel(x,) and  Mgo = U [fo(zp1)]Rel(X0),— -

Tpo € Mp2 Tp1 €My

We show that (M1, Mp1) is Ri-stable first. Let (xq1,2p1) € R1 N (M1 X Xp1). According
to the definition of M1, there is xp2 € M such that x,1 Rel(X,) go(xp2). As zq1 Ry a1
and gy(xp2) Ro T2, we have xp1 Rel(AXp) zpe using the fact that C is weakly adequate. Since
(My1, Mps) is Rel(Xp)-stable and xp2 € My, we hence obtain zp; € Mp;. This shows
Ry N (Ma1 X Xp1) € Ry N (Xa1 X Mpy). We justify the reverse inclusion and assume
(a1,2p1) € Ry N (Xa1 X Mpy). Considering the properties of My, there is xpy € My
such that xp; Rel(Xp) 2p2. Using x41 Ry 2p1 and gp(2p2) Ra Tp2, weakly-adequacy of C yields
Za1 Rel(X,) gp(zp2). Hence, 241 € Myy by the definition of M1, which yields Ry N (X4 %
Mp1) € Ry N (Mg1 X Xp1). It follows that (M1, Mp;) is Ri-stable. One analogously shows
that (Mo, Mps) is Rao-stable.

We argue that (M1, My2) is Rel(X,)-stable now. Let (@41, xq2) € Rel(X,) N (Ma1 x Xa2).
The definition of M,; justifies the existence of some xpy € My where 41 Rel(Xy,) gp(2p2)-
Since gp(xp2) Ro p2 and as (M2, M) is Ro-stable, we obtain gp(xp2) € My2. By the defini-
tion of M, there exists xp1 € My such that fi(xp1) Rel(X,) gp(xp2). As 241 Rel(X,) gp(wp2)
and 41 Rel(X,) 242, the z-transitivity of Rel(X,) yields fi(zp1) Rel(Xy) za2. It follows
ZTaz € Myo and thus Rel(X,) N (Ma1 x Xa2) C Rel(X,) N (Xa1 X Mg2). The reverse in-
clusion is shown accordingly and thus, (M1, M,2) is Rel(X,)-stable.
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To complete our argumentation it remains to show M,; and M,s are Borel in X,; and
X2, respectively. We concentrate on M, since M,s can treated similarly. Define the
function hy: X,1 — Ry,

hq (-Tal) = <-73a1> fa(xa1)>

and equip the set Ry with the induced sigma-algebra from X,; X Xp;. Then, hy is measurable:
The function hy: X1 — Xa1 X Xp1, ﬁl(mal) = (Za1, fa(zq1)) is Borel and for all M5 C
X1 X Xpy it holds hfl(R N Ms) = ﬁfl(Mm). Using that Ry N (Xa1 X Mp;) is measurable
in Ry and (My1, My ) is R;-stable,

M, = h;l(Rl n (Mal X Xbl)) = h;l(Rl N (Xal X Mbl))
is measurable in X,;. This finally finishes our proof as already discussed before. <

» Corollary 76. Let C = (X,, Xy, R1, R2) be a span connection where X, = (X4, Xa1, Xa2)
and Xy = (Xp, Xo1, Xp2) are countably separated and proper spans. Assume that Ry and Ro
are strongly Ir-total in X1 X Xp1 and Xao X Xpo, respectively. If C is weakly adequate, then
C is adequate.

Proof. Theorem 75 together with Proposition 65 yield the claim. <

Span connections for variable spans. Throughout this paragraph let C = (X, X, Ry, Ra)
be a span connection where X = (X, X;, X5) is a variable span, i.e., X; = Ev(Vary),
Xo = Ev(Vary), and X = Ev(Var; U Vary) for sets of variables Var; and Vary. Abbreviate

LVar; = Vary \ Varg, LVary =Vary \ Var;, and SVar = Var; N Var,.

Remind, X is a proper span (cf. Example 43 (2)) and the tuple (Ev(SVar), k1, k2) countably
separates X'. Here, r1(e1) = eqjsvar and ka(e2) = egjsvar for all ey € Ev(Vary) and es €
Ev(Vary) (cf. Example 63).

» Definition 77. We say that the span connection C does not involve shared variables if the
following two statements hold:

1. There is Ry C Ev(LVar;) x Ev(LVar;) such that
Ry = {{ef,wed ely wed) ; ek Ry el and e® € Ev(SVar)}.
2. There is Ry C Ev(LVary) x Ev(LVary) such that
Ry = {(ely weS el wed) ; ek Ry ely and e” € Ev(SVar)}.
» Proposition 78. If C does not involve shared variables, then C is adequate and

Ry C {{ea1,ep1) € Ev(Vary) x Ev(Var1) ; eq1jsvar = €p1jsvary and
Ry C {{ea2,ep2) € Ev(Vara) x Ev(Vara) ; eqo(svar = €p2|svar}

as well as

RY € {(na1,m1) € Prob(Ev(Vary)) x Prob(Ev(Var1)) ; ng1svar = M1jsvar} and
Ry C {(Na2,m2) € Prob(Ev(Varz)) x Prob(Ev(Varz)) ; na2|svar = Mb2|sVar }-

XXX:39

ICALP 2016



XXX:40 Composition of stochastic transition systems

Proof. Suppose C does not involve shared variables. The claims concerning R; and Rj is
direct consequence of Definition 77. Thus, C is adequate due to Proposition 69. In what
follows we regard the relations R}’ and RY. Notice,

DiagEv(SVar) = {<ea1|SVara eb1|SVar> y €al Rl ebl} and

Diagey(svar) = {(€a2|SVars €b2|SVar) 5 €a2 [2 €p2}
Let nq1 R’ np1. Lemma 38 (1) yields 7g1|svar DiagEv(SVar) Np1jsvar- Lemma 37 thus implies

Ta1|SVar = Tbi|svar- Lhe statement concerning R3’ can be treated analogously. |

» Proposition 79. Assume C does not involve shared variables. For all ng,ny € Prob(Ev(Var))
where 1, |svar = My|svar the following statements hold:

1. For all eq1 Ry ep1 it holds 1y jvar, BY Mpjvar, if

77a|LVar1 = Dirac[eal\LVarl] and nb|LVar1 = Dirac[eb1|LVar1]~

2. For all eqa Ra ey it holds ngjvar, RS My|var, if

77a|LVar2 = Dirac[€a2\LVar2] and nb|LVar2 = Dirac[€b2|LVar2]~

Proof. For reasons of symmetry we only show (1) since (2) can be treated analogously.
Let 1q,m, € Prob(Ev(Var)) and n° € Prob(Ev(SVar)) be such that Na|SVar = nd = Nb|SVar-
Moreover, let eq,1 Ry ep1. Abbreviate eqqjivar, = eﬁl and ey |Lvar, = e,fl. Assume 7,|1var, =
Dirac[e%,] and Np|LVar, = Diracle;]. Our task is to show Nalvar, BY Mojvar, -

Define f: Ev(SVar) — Ev(Vary) x Ev(Vary),

F(e%) = (egy weS, efy wed).
Then, f is a Borel function and thus we can safely define W; € Prob(Ev(Vary) x Ev(Vary)) by

Wi = fi:(n®).
We argue that Wy is a weight function for (s jvar,, R1,Mp|var, ). For that purpose introduce
R} = {(ely weS el wed) ; e” € Ev(SVar)}.
It is easy to see that R} is a Borel set in Ev(Vary) x Ev(Vary). Moreover, R} C R; using
ea1 R1 ep1 and Proposition 78. Since f~1(R}) = Ev(SVar),
Wi(Ry) =0 (f(Ry)) = 1% (Ev(SVar)) = 1.

It remains to show that W is a coupling of (1g|var, , Ms|var, ). For every V' C Var; define
the Borel function gy : Ev(Vary) — Ev(V), gv(e1) = ejy. Let MY C Ev(LVar;) and
M?® C Ev(SVar;) be Borel sets and define the Borel set M C Ev(Vary) by M’ = gL_Vlarl (ME)n
gy (M), Since Najvar, is a coupling of (n®, Dirac[eX;]), Proposition 24 yields 74 var, (M') =
n%(M?®) - Dirac[el,](MT) and thus

Wi (M’ x Ev(Vary))
= 3(f~Y(M' x Ev(Vary)))
7S (M) - Diraclels ) (M)
= TNa|Var, (M/)
Observe, the sigma-algebra on Ev(Var) is generated by sets of the form g,},larl (ME)N gs_vlar(M %)
where ML C Ev(LVar;) and M® C Ev(SVar;) are Borel sets. Carathéodory’s measure
extension theorem thus yields Wi (M x Ev(Vary)) = 1, var, (M) for all Borel sets M C Ev(Var).
One similar shows Wy (Ev(Vary) x M) = nyjvar, (M) for every Borel set M C Ev(Var), that
completes our proof. <
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C Stochastic transition systems
C.1 Composition

Local constraints.

» Definition 80. Let S = (5,51,52) be a span. A Sy-local constraint is a relation LCo C
S x Prob(S), that enjoys the conditions below:

1. For all s € S and u € Prob(S), if yjp = Dirac[ss], then s LC pu.
2. For all s LCy p and ' € Prob(S), if p, = uh and pp = ;42, then s LCo /.
3. For all s LCy p, if yu); S¢ Dirac[s)2], then p is a S-coupling of (p)y, Dirac[s)2]).

Similar, a Sy-local constraint is a relation LC; C S x Prob(SS), such that:

4. For all s € S and p € Prob(S), if y1/; = Dirac[s|;], then s LC pu.
5. For all s LCy p and p' € Prob(S), if p, = /,Lh and pp = /42, then s LCy .
6. For all s LCy p, if Dirac[s|;] S€ uuj2, then p is a S-coupling of (Dirac[s)1], ij2)-

A pair (LCy, LC3) consisting of a LC4-local constraint LC; and a LC-local constraint LCy
is called S-agreement.

» Example 81. Let S = (5,51, 52) be a Cartesian span, i.e., S = S7 X Sy. Then,
LCy = {{(s1,s2), t1 ® Dirac[ss]) ; s1 € S1, s2 € S, and p1 € Prob(S1)}

constitute a Ss-local constraint Moreover, there exists no Sa-local contraint different from
LC5. Let us have a closer look and justify these claims. Requirement (1) in Definition 80
yield ((s1, s2), 111 ® Dirac[sa]) € LC5 for all s; € Sy, so € Sa, and p; € Prob(S7). Conversely,
let ((s1,$2), ) € LCo. Since S is supposed to be a Cartesian span we have Rel(S) = 57 x S5
and thus, uj, Rel(S)" Dirac[so]. Hence, puj; S¢Dirac[s)s] (cf. Corollary 60). Therefore,
Definition 80 (3) yields that y is a S-coupling of (1, Dirac[sz]). We obtain y = pj; ® Dirac[ss]
by Proposition 24, i.e., 4 = p; ® Dirac[ss] for some p1 € Prob(S1). From this all the claims
concerning LC'5 follow.

» Example 82. Let S = (5, 51, S2) be an identity span, i.e., S = S; = S3. Then,
LC5 = S x Prob(S5)

is a Sp-local contraint. Obviously, LC' satisfies the requirements (1) and (2) in Definition 80.
To justify Definition 80 (3) suppose (s, ) € LCo where pj; S¢ Dirac[s)s]. Since S is an identiy
span, p; = p and Dirac[s|s] = Dirac[s]. Hence, uS° Dirac[s] and also u Rel(S)" Dirac[s] (cf.
Proposition 52). We obtain p = Dirac[s] using Rel(S) = Diagg and Lemma 37. Of course,
p is thus a S-coupling of (u1, Dirac[s|z]). This finally shows that LC' is indeed a Sp-local
constraint.

» Example 83. Let S = (5,51,52) be a variable span, i.e., S; = Ev(Vary), Sa = Ev(Vara),
and S = Ev(Var; U Varg) for sets of variables Var; and Vary. Abbreviate LVar; = Vary \ Vara,
LVary = Vary \ Vary, and SVar = Var; N Vary. Then,

LCY, = {{e,n) € S x Prob(S) ; Njsvar = Dirac[e|svar] implies 7)var, = Diraclejvar,]},
LCY ={(e,n) € S x Prob(S) ; njvar, = Diracle|var,]}, and
LC/QH - <6777> €5 x PrOb(S) » MVary = Dirac[e\Varg]}
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are Sp-local constraints such that LC%, O LCYy O LCY'. Moreover, for every So-local constraint
LC5 we have LCY, D LCy. We consider the last claim first and suppose a Sp-local constraint
LC5. Let (e,n) € LCo where nsyar = Dirac[ejsyar]. In order to show (e, n) € LC), we have
to argue 7)var, = Dirac[e|var,]. Since njsvar = Dirac[e|syar] we obtain nyyar, S¢ Dirac[e)var,] (cf.
Proposition 65). Definition 80 (3) thus ensures that 7 is a S-coupling of (7}var, , Dirac[ejvar,])-
It follows 7jvar, = Dirac[evar,], which justifies LCy 2 LC.

Span composition. Throughout this paragraph let 7; = (S1,T'1, —;) and 71 = (S2, T2, —5)
be STSs where S; and S; are supposed to be Polish spaces. Let S = (.9, S1, S2) be a span,
Sync C Ty NT'y be a set of synchronization labels, and G = (LC1, LC2) an S-agreement.

» Definition 84. We define the STS
7—1 ||S,Q,Sync 7—2 - (57F1 U ]-—‘2»_>)a

where for all s € S, v € T', and pu € Prob(S) it holds s =7 u iff one of the conditions below
hold:

1. v eT1\Syncand s;; =] gy and s LCs p.
2. yeTy\Syncand s LCy p and sj5 =3 fi2-
3. y € Syncand sy =7 pp1 and sjp =3 ).

In case S is a Cartesian span, i.e., S = S x Sa, the (71, T2)-agreement is uniquely determined
(cf. Example 81) and hence we simply write 71 ||x sync 72 instead of 71 ||s,¢,sync T2-

» Proposition 85. Assume S is a Cartesian span, i.e., S = S1xSs. For all s; € S1, s9 € S,
v €T1UTy, and p € Prob(S), we have (s1,s1) =7 p in T1 ||x,u T2 iff one of the following
statements hold:

1. v eT1\Sync and sy =] ppy and pg = Dirac[ss].
2. yeTy\Sync and sy — ju2 and ju; = Dirac[si].
3. yeSync and sy —] p1 and s3 =3 fio.

Proof. The claim is a direct consequence of Definition 84 and Example 81. |

» Remark 86. We do not use any properties of Polish spaces within the definition of our
composition operator (cf. Definition 84). At the beginning of the paragraph we require that
S1 and Ss are Polish spaces since spans involve Polish spaces. However, one could introduce
a relaxed notion of a span (e.g., a tuple (X, X3, X, t1,t2) consisting of measurable spaces
X, X;, and X, and measurable functions ¢;: X — X; and t5: X — X5) and define the
composition operator with respect to such a span.

Span versus independent composition. Recall the standard composition for STSs [18]:
Given STSs T; = (51,1, —;) and T2 = (52,2, =) and a set of synchronization labels
Sync C I'y NT'y, the STS

Ti ||?ync T2 = (S1 % S2,T1 UT2, —)
with (s1,82) =7 p1 ® e iff the following holds:

If v € 'y \ Sync, then s; =7 pq and pe = Dirac[sa].
If v € Ty \ Sync, then p; = Dirac[s1] and s2 —7 po.
If v € Sync, then s; =7 py and so =7 uo.
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1/2

Figure 1 STS 7 = (S,T', =) where S = {0,1} and I" = {ao, a1, 5}.

Consider the STS T = (S,T', —) illustrated in Figure 1 where S = {0,1} and I" = {a, a1, 8}.
Assume € Prob(S) is given by ({0}) = p({1}) = 1/2. Notice, 0 —” 1. Abbreviate

To=Tl|lxrT and T,=T|F T and S=9x56.

We aim to show 7T, and 7, are not bisimilar. Towards a contradiction assume that 7,
and 7T, are bisimilar. Suppoe R C S x S is the coarsest bisimulation for (TasTp), ie., R CR
for every bisimulation R’ for (7, 7,). Remind, the union of arbitrary many bisimulations for
(Tas To) yields again a bisimulation for (7, 7p) and thus R equals the union of all bisimulations
for (74, Tp). As T, and Ty are supposed to be bisimilar, there is at least one bisimulation for
(Tas Tp). Given s, € S, and s, € Sy, we use s,8; as a shorthand notation for (s,, sp) in the
following.

Since 0 is the only state in 7 with an outgoing ag-transition and «g is a synchronization
label, it necessarily holds 00 R 00 using the fact that R is Ir-total in S x §. For similar reasons
it holds 11 R11 and moreover,

{(00,01), (00, 10), (00, 11), (01, 00), (10, 00), (11,00)} N R = & and
{(11,00), (11,01), (11,10), (00, 11), (01,11), (11,10)} N R = @.

As R is the coarsest bisimulation for (7, 7p), it follows
01 RO01, O01R10, 10RO0O1, and 10RI10.
Putting things together,
R = {(00,00), (11, 11), (01,01), (01, 10), (10, 01), (10, 10} }.

Consider the transition 00 <# 7 in T, where /i € Prob(S) is given by 2({00}) = a({11}) = 1/2
(notice fi is indeed a coupling of (u, u)). Since R is a bisimulation for (7, 75) where 00 R 00
and 00 —” 1 ® i is the only S-transition in T, outgoing from 00, it holds 1 R (1 ® p). Thus,
i R* (p® u) by Proposition 35. The pair ({00}, {00}) is R-stable since

RN ({00} x §) = {(00,00)} = RN (S x {00}).
But,
A({00}) =1/2#1/4=1/2-1/2 = p({0}) - p({0}) = p @ p({00}),

that yields a contradiction. Therefore, 7, and 7, are not bisimilar.

Parallel composition of NLMPs. Labeled Markov processes and non-deterministic
labeled Markov processes (NLMPs) [25, 23, 55] are elegant formalisms that allow among
others for an rich theory on bisimulation and its logical characterization. An NLMP can
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be seen as an STS that enjoys requirements concerning measurability issues. Unfortunately,
NLMPs are a priori not appropriate for our purposes as the class of NLMPs is not closed
under composition. Let us give some details and assume an STS 7 = (S,I', —). For every
s € S and v €T define

Enabledr(s,v) = {u € Prob(S) ; s =7 u}.
The STS 7T is called NLMP-like, if for all v € T the following two conditions are fulfilled:

{p € Prob(S) ; s =7 u} is Borel in Prob(S) for all s € S.
{s € S ; Enabled(s,y) N P # @} is Borel in S for all Borel sets P C Prob(S).

We now given two NLMP-like STSs 77 and 7> such that their composition is not NLMP-
like when synchronizing on all common labels. Consider the STSs 73 = (R,I', —;) and
To = (R,T, —,) with ' = {~} and

—1 = {(r1,7, Dirac[r1]) ; 11 € R} and
—y = {(r2,7, Dirac[r3]) ; r2,75 € R}.

Abbreviate T = T1 ||xr T2. It is not hard to see that 7; and T2 are NLMP-like (cf.
Remark 14). However, T is not NLMP-like. In what follows we give a formal argument. Let
M C R xR be a Borel set such that M; is not Borel in R, where M; = {r; € R; there isry €
R where (ri,72) € M} (cf. Remark 20). Define Diracy; = {Dirac[r] ; r € M}. Then, Diracy,
is Borel in Prob(R x R) (cf. Remark 14), but

{(r1,m2) € R x R ; Enableds((r1,72),v) N Diracps # @} = M7 x R

is not Borel R x R (the function f: R — R x R, f(r) = (r,r) is Borel and if M; is Borel in
R, then f~1(M; x R) = M is Borel in R, which is not case). The STS T is therefore not
NLMP-like. Notice, this has nothing to do with our notion of composition since 7 = T; ||1@ T
(cf. Proposition 24). Moreover, the present STS 77 and 73 do not even incorporate non-trival
probability measures and can be seen as non-probabilistic models.

C.2 Congruence

Let Ta1r = (Sa1, 11, —=41)s Taz = (Sa2, T2, =42)s Tor = (Sp1, 1, —41), and Tpa = (Sp2, T2, —45)
be STSs such that 7,1 ~ Tp1 and Tuo ~ Tpo. Notice, 7,1 and Tp1 have the same sets of labels
T'y and similar, 742 and Ty have the same sets of labels I's. Define

Ta = Ta1 ||8a,Ga.5ync Taz  and Ty, = To1 ||s,.64.5ync To2,

where Sync C T’y NTy, Sy = (Sa, Sa1, Sa2) and Sy = (Sp, Sp1, Sp2) are proper spans, G, =
(LC a1, LC42) is a (Ta1, Taz)-agreement, and G, = (LCh1, LCh2) is a (Tp1, Tp2)-agreement.
Assume relations Ry C S,1 X Sp1 and Ry C Suo X Spa. We consider the span connection
C = (S84, Sp, R1, R2). Reminding Definition 67,

Ry A Ry = {(84,56) € Sa X Sy 5 841 R1 5p1 and 542 Ra spj2}-

We aim to show that Ry A¢ Rz is a bisimulation for (75, 7,) if R1 and Ry are bisimulations
for (Ta1, Te1) and (Ta2, To2), respectively. For that purpose we need a notion to compare the
agreements G, and Gp.
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» Definition 87. LC,y and LCyy are C-bisimilar whenever for all s, (R1 A¢ Ra2)sp the
following statements hold:

1. For all p, € Prob(S,) and pup1 € Prob(Se1), if sq LC a2 ftq and gy RY pp1, then there is
w1y € Prob(Sy) where

sb LCva pp,  pipj1 = pp1, and  fig)2 Ry pp)2-

2. For all p, € Prob(Sy) and piq1 € Prob(Sa1), if sy LC%2 iy and pua1 Ry’ p1p)1, then there is
g € Prob(S,) where

Sa LCa2 tay a1 = fla1, and  pigpo Ry pipfo-

Similar, LC,; and LCy; are C-bisimilar whenever for all s, (R; Ac Rs2) sp the following
statements hold:

3. For all p, € Prob(S,) and puy2 € Prob(Sy2), if 84 LC a1 fta and fiq)2 RY 2, then there is
1y € Prob(Sy) where

sy LCp1 o, ppj2 = poz,  and g1 RY pp)-

4. For all pp € Prob(Sy) and pia2 € Prob(Saz), if sy LCp1 py and piaz RY pp)2, then there is
i € Prob(S,) where

Sa LCa1 pa, Ha|2 = Ha2; and g1 RY Hp|1-
G, and G, are C-bisimilar if LC 49 and LCyo as well as LC,; and LCy; are C-bisimilar.

» Proposition 88. If S, and Sy are Cartesian spans, i.e., Sq = Sa1 X Sa2 and Sy = Sp1 X Spa,
then G, and G, are C-bisimilar.

Proof. Abbreviate R = Ry A¢ Rs. Assume S, and S; are Cartesian spans and C is adequate.

For reasons of symmetry we only show that LC,2 and LCps are C-bisimilar. According to
Example 81,

LCaZ = {<<salvsa2>;,ula1 & Dirac[sag]> ; Sal € Sal, Sa2 € Sa27 and Hal S PrOb(Sal)}a
LChy2 = {{(sp1, Sp2), tp1 @ Dirac[spz]) ; sp1 € Sp1, Sp2 € Spe2, and pp1 € Prob(Sp1)}.

Suppose s, R s, with s, = (Sa1, Sa2) and s, = (Sp1, Sp2). Let p, € Prob(S,) and ppe €
Prob(Sp2) be such that s, LCq2 ptq and pe)1 RY pie1. Define py, € Prob(Sy) by

Mo = Up1 @ Dirac[sbg].

Obviously, sy LCy2 iy and pp)y = pp1- It remains to show pi,2 Ry pip2. As s, Rs, we
have s,2 Rs sp2 and thus Dirac[s,z] RY Dirac[sp2] by Proposition 34. Since s, LC 2 g it
follows ftq = pra1 ® Dirac[s,2] and therefore pi,)9 = Dirac[sqz]. As py2 = Dirac[sys] we hence
obtain 42 RY pip)2. This finally yields requirement (1) in Definition 87. One similar shows
requirement (2) in Definition 87. <

» Proposition 89. Suppose S =8, =S8, and G = G, = Gy, where S is a variable span and
G is the standard S-agreement. Moreover, assume C does not involve shared variables. Then,
G. and Gy are C-bisimilar.
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Proof. For reasons of symmetry we only show that LC,2 and LC}o are C-bisimilar. Assume
S is given by S = (S, 51, .52) where S; = Ev(Vary), Sy = Ev(Vary), and S = Ev(Var; U Vars)
for sets of variables Var; and Vary. Reminding Example 83,

LCo2 = {<€a,77a> €5 x PrOb(S) 5 Ma|Vara\Var, = Dirac[ea\Varz\Van]}v
LCy2 = {{es, ) € S x Prob(.S) ; ny|var,\var, = Diraclesvar,\var, | }-

Abbreviate R = Ry A¢ Ra. Let e, Rep, 1, € Prob(S), and mye € Prob(S2) be such that
eq LCa2 1M, and 141 RY’ mp1. Here, we abbreviate 041 = 7gjvar, - Let up € Prob(S) be the
probability measure uniquely determined by

77b|Var1 = Tb1 and 77b|Var2\Var1 = Dirac[ebNarg\Varl]'

Obviously, e, LCp2 mp. It remains to justify 7g|var, RS Myjvar, in order to justify require-
ment (1) in Definition 87. Since 741 R{’ gy and as C does not involve shared variables,
Proposition 78 yields Na|SVar = Mal|SVar = Tb1|SVar = T]b|SVar- Since e, LCq2 14, we have
Na|Vars\Var; = Diracl€q|var,\var,]- Moreover, € jvar, 2 €yjvar, and hence we are in the situation
of Proposition 79 (2), that finally yields 7,|var, B3 Mp|var, -

Requirement (2) in Definition 87 is shown analogously and therefore, LCo and LCys are
C-bisimilar. |

» Theorem 90. Assume Ry and Rs are bisimulations for (Ta1, Te1) and (Taz2, Tez), Tespectively,
C is adequate, and G, and Gy are C-bisimilar. Then,

Ry A¢ Rg is a bisimulation for (Tg, Tp).

Proof. Abbreviate R = R; A¢ Ry. For reasons of symmetry we only justify that every
transition in 7, can be mimicked by a corresponding transition in 7,. Let s, R sy, v € ' UTs,
and i, € Prob(S,) and assume s, —7 pq. Notice, s,1 R1 81 and sq)2 Ra spj2. We justify
that there is a p, € Prob(S,) such that s, —] wp and pg R pip.

We consider the case where v € Sync first. According to the definition of our composition
operator (cf. Definition 84), it holds sq1 —); fta)1 and sq2 =0y Hej2- Since Ry and R
are bisimulations for (741, Tp1) and (Ta2, To2), respectively, there are pp; € Prob(Sp1) and
tp2 € Prob(Sp2) such that

sp1 =1 Mor and g RY iy and
Spj2 —po Me2  and  pigpo RY puo.

Since C is adequate we can apply Theorem 72 and thus there exists a Sp-coupling py, of
(po1, pp2) such that g R™ pp. As it also holds s, —] wp» by Definition 84, the first part of
our proof is complete.

We attend the case where v € I'; \ Sync. Then, s,y =7 Hal1 and sq LCq2 1. Using that
R; is a bisimulation for (7,1, Tp1), there exists pp1 € Prob(Sp1) such that

sy =gy et and g RY .
Since LCq2 and LCpy are C-bisimilar, there is y; € Prob(Sy) such that
sp LCv2 tty,  pipy = pn, and  fug)2 RY )

(cf. Definition 87 (1)). Again, as C is adequate Theorem 72 yields the existence of a Sp-
coupling uyp of (Hzﬂ,,u;,‘z) such that pq R™ pp. Since ﬂgu = pp1 = pp|1 and “;7|2 = Up|2, We
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have s, LCpo p1p (cf. Definition 80 (2)). It follows s, —] wp, and hence the next part of our
proof that R is a bisimulation is complete.

The case where v € I's \ Sync can be treated similarly. However let us recall the argument.
We have s,|2 -7, a2 and sq LCq1 fiq. Since Ry is a bisimulation for (Ta2, Tr2), there is
tp2 € Prob(Sk2) such that

"
Sp2 =y Hb2  and  fig)o Ry ppa.

Since LC,1 and LCy are C-bisimilar, there is u; € Prob(S) such that

so LCv1 py,  Hhp = mb2,  and  pap RY pyy

(cf. Definition 87 (3)). Using that C is adequate, Theorem 72 yields a Sp-coupling pp of
(Wppr> tv2) such that pq R puy. Since iy, = pp1 and py 1y = pw2 = fip|2, we have s, LCp1 pip
(cf. Definition 80 (5)). It follows s, —] s and hence the next part of our proof that R is a
bisimulation is complete. |

» Corollary 91. Assume Ry and Rs are bisimulations for (Ta1, Te1) and (Taz, Te2), respectively.
If S, and Sy are Cartesian spans, then

Ri N¢ Rs is a bisimulation for (Tg, Tp).
Proof. Propositions 68 and 88 together with Theorem 90 justify the claim. |

» Corollary 92. Suppose S =S, = Sy and G = G, = Gy, where S is a variable span and G
is the standard S-agreement. Moreover, assume C does not involve shared variables. Assume
Ry and Ry are bisimulations for (Ta1, Ter) and (Taz, Te2), respectively. Then,

Ry N¢ Rs is a bisimulation for (Tg, Tp).

Proof. Notice, C is adequate due to Proposition 78 and G, and G, are C-bisimilar according
to Proposition 89. Hence, we are in the situation of Theorem 90, that yields the claim. <«
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