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Example

e Buals (57) x (5 % ) = (5 x 57)

Ty Y1 Yo

[21y1, Bu2] (), (@, ) = (aye, BD)

Definition

[Uqy ey Uy |2 ()1 X e X (2%) M0 — (XF)™
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@ “strong bimonoid = semiring without requiring distributivity”
@ multiplication is (also) commutative

@ ) -operation also for infinite index sets

examples:

@ all complete commutative semirings (Boolean semiring,
probability semiring, Viterbi semiring, ...)

@ all complete lattices

@ tropical bimonoid: (RSy, +, min, 0, co)
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data type TS(I') predicates (unary)

@ stack symbols I true = TS(I)

@ partial function bot = {(¢t,p) € TS(I") | p =€}
LN = Mo {e) eq(y) = {(t.p) € TS(T) | H(p) =}
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(but not necessarily instructions
sibling-closed) id
set(y): t(p) =7
t P (only if p # €)

up,: move stack pointer to i-th child
(only if t(pi) is defined)

Q@
push (7): push v to the i-th child
°te)=0Q (only if t(pi) is undefined)
@ stack pointer p € N7, down: move stack pointer to parent

from the domain of ¢
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The unweighted characterisation

Theorem (new)

k-MCFL = k-TSL,

Proof sketch. ~ Show both set inclusions by construction.

k-MCFL: languages generated by k-MCFGs

k-TSL: languages recognised by k-restricted tree stack automata
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p
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k-TSL, C k-MCFL

Lemma (new)

k-TSL, C k-MCFL

Proof idea.
(1) construct an MCFG that generates the runs

<q17Qi7 "'7qm7 qzn;’)b: a7m> :>* (917 teey em)
€Q2m 61"m+1

if and only if

@ 0,,...,0,, all return to the stack position they started from and
never go below it

@ 0, starts with state ¢; and stack symbol v,_; and ends with ¢
and 7, (for1 <i <m)

(2) use closure of MCFG under homomorphisms
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k-TSL, C k-MCFL (example)

transitions:

Ty =
T3 =
Ty =
Ts =
Te =
T7 =
Tg =

Tg =

1,a,true

2,e,eq(#), down

2,b,eq(x) ,down

3,c,eq(*) ,up )
3,e,eq(#), down
4,d,eq(*) ,down

= (1,
(1,
(
(2,
(2,¢, bot ,up1
(
(3,
(
(

4 ¢, bot ,id

,push, () ,1
1, e, true ,pushl(#),Z

,2

N

)

w

)

w

)

N

)

I

)

)
)
)
)
)
)
)
)
)

(o)

)
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7, = (2,b,eq(*) ,down ,2

w

To=(3ce up S8 (1) (2,5) (3,%) (4,%)

7, = (3, &,eq(#), down , 4

Tg = (4,d,eq(%) ,down , 4

= (1, )
(1, )
( )
(2, )
5 = (2,¢, bot ,up1 ,3) 71 T4 76 78
( )
( )
( )
( )

)

4€b0t ,id ,

(o)

7—9 -

m
=
e
™
)

(4,@)—(5,Q@)

12/14



k-TSL, C k-MCFL (example)
transitions: run and the stack:

1,a, true ,pushl(*) ,1 111 (2, #)— (3, #)—

T = (1,e,true ,push (#),2 To T3 Te T7

= (2, ), d , 2
73 = (2,6, eq(#), down 1 (L#) (20 (3% (4,%)
7, = (2,b,eq(*) ,down ,2

w

To=(3ce up S8 (1) (2,5) (3,%) (4,%)

7, = (3, &,eq(#), down , 4

Tg = (4,d,eq(%) ,down , 4

= (1, )
(1, )
( )
(2, )
5 = (2,¢, bot ,up1 ,3) 71 T4 76 78
( )
( )
( )
( )

)

4€b0t ,id ,

(o)

7—9 -

m
=
e
™
)

(4,@)—(5,Q@)

12/14



k-TSL, C k-MCFL (example)

transitions:

1,a,true
T5 = (1, €, true
T3 = (2, e, eq(#

7, = (2,b,eq(*)

Te = 3»C,€q
7, = (3, &, eq(#
75 = (4,d, eq(x*
4€bot

= (1,
(1,
(
(
75 = (2, €, bot
(
(3
(
(

Tg =

rules:

(1,

,pushl(*) ,1)
,push, (#),2)
), down ,2)
, down ,2)

,up1 ,3)
,up, ,3)
), down ,4)
, down ,4)

,id ,5)
5; @, @)

run and the stack:

28— B —
L) (20 (3,4 (4,%)
T (20 (3, (4,%)
1,0 e — (4025

— [Ty 21 T4 Ts T T o) ((1,2, 3, 45 %, %, %))

) ) )

(1,2,3,4; %, %, %) = [Tou1 T3, T6aT7)((2,2,3, 3; #, #, #))
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The weighted characterisation

Corollary (new)

For every complete commutative strong bimonoid A we have

k-MCFL , = k-TSL, 4

k-MCFL ;: languages generated by .A-weighted k-MCFGs
k-TSL, ,: languages recognised by A-weighted k-restricted TSA

13/14



The weighted characterisation

Corollary (new)

For every complete commutative strong bimonoid A we have

k-MCFL , = k-TSL, 4

Herrmann and Vogler (2015, Theorem 6)

k-TSL, 4 = «HOM 4 (k-TSL,)

k-MCFL ;: languages generated by .A-weighted k-MCFGs
k-TSL, / k-TSL, 4: languages recognised by (.A-weighted) k-restricted TSA
aHOM 4: alphabetic A-weighted homomorphisms

13/14



The weighted characterisation

Corollary (new)

For every complete commutative strong bimonoid .4 we have

k-MCFL , = k-TSL, 4

Herrmann and Vogler (2015, Theorem 6)

k-TSL, 4 = «HOM 4 (k-TSL,)

Denkinger (2015, Lemma 3)

k-MCFL , = «HOM , (k-MCFL)

k-MCFL / k-MCFL ,: languages generated by (A-weighted) k-MCFGs
k-TSL, / k-TSL, 4: languages recognised by (.A-weighted) k-restricted TSA
aHOM ,: alphabetic A-weighted homomorphisms

13/14



The weighted characterisation

Corollary (new)

For every complete commutative strong bimonoid .4 we have

k-MCFL , = k-TSL, 4

Herrmann and Vogler (2015, Theorem 6)

k-TSL, 4 = «HOM 4 (k-TSL,)

Denkinger (2015, Lemma 3)

k-MCFL , = «HOM , (k-MCFL)

Theorem (new)

k-MCFL = k-TSL,

13/14



References

[1] E.Villemonte de la Clergerie. “Parsing Mildly
Context-Sensitive Languages with Thread Automata”. 2002.

[2] L. Herrmann and H. Vogler. “A Chomsky-Schiitzenberger
Theorem for Weighted Automata with Storage”. 2015.

[3] T. Denkinger. “A Chomsky-Schiitzenberger representation for
weighted multiple context-free languages”. 2015.

14/14



Weight separation for weighted automata with storage

Herrmann and Vogler (2015, Theorem 6)

k-TSL,. ,, = oHOM 4 (k-TSL,.)

Construction sketch.

M:7=(q,w,p, f,q)



Weight separation for weighted automata with storage

Herrmann and Vogler (2015, Theorem 6)

k-TSL,. ,, = oHOM 4 (k-TSL,.)

Construction sketch.

M:7=(q,w,p, f,q)

H reads



Weight separation for weighted automata with storage

Herrmann and Vogler (2015, Theorem 6)

k-TSL,. ,, = oHOM 4 (k-TSL,.)

Construction sketch.

M:7=(q,w,p, f,q)

construction

M’ (q,7,p, f,q")

H reads



Weight separation for weighted automata with storage

Herrmann and Vogler (2015, Theorem 6)

k-TSL,. ,, = oHOM 4 (k-TSL,.)

Construction sketch.

M:7=(q,w,p, f,q)

construction

M (q, 7., f,d")
Jreads

H reads 7= (q,w,p, f,q")



Weight separation for weighted automata with storage

Herrmann and Vogler (2015, Theorem 6)

k-TSL,. ,, = oHOM 4 (k-TSL,.)

Construction sketch.

M:7=(q,w,p, f,q)

construction

M’ (q,7,p, f,q")

lreads
H reads 7= (q,w,p, f,q")
|n
p(7) w w(T).w

Original theorem is more general:

@ unital valuation monoid instead of complete commutative strong
bimonoid

@ automata with arbitrary storage instead of tree stack automata
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Weight separation for weighted MCFGs

Denkinger (2015, Lemma 3)

k-MCFL , = «HOM , (k-MCFL)

Construction sketch. G’ and h: (e P )
G: ——r—)
(p'wvv, WW)
(v, ww) A — [pu,v](B,C)
A — [u,v](B,C)
dy dy
dy dy

h(6) = 1(p)-e ffé =ppER
1.9 ifée X
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