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Composition functions (example)

() % (I x Z¥) = (5% x 5%)
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Composition functions (example)

() % (I x Z¥) = (5* x 5%)
} Lo
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Composition functions (example)

e by (3 x (27 %) = (5 59

Ty Y1 Y2

each variable occurs at most once

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27

12



Composition functions (example)

[x1y2,by1]: (Zj*) X (X x X)) — (X x X%

b

L Y Y2

each variable occurs at most once
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Multiple context-free grammars (MCFGs)

:<{S7A’B}7{a7b7c’d}7 g_}/ 7{p17"‘7p5})

nonterminals terminals initial nts productions

productions:
p1 =15 = [21y122Y5](A, B)

[
pa = A — [azy, cx5](A)
ps = B — [bxy,dz,](B)
ps =A—[a,cf()
ps = B — [b,d|()
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Multiple context-free grammars (MCFGs)

:<{S7A’B}7{a7b7c’d}7 g_}/ 7{p17"‘7p5})

nonterminals terminals initial nts productions

productions:

P1
pr=95— $1y1x2y2](A B) / \
P3

p2 = A — [azy, cx5](A)

|
|
ps = B — by, d,)(B) 72
pa= A [a,cl() il .
ps = B — [b, d](
P4 Ps
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Multiple context-free grammars (MCFGs)

:<{S7A7B}7{a7b7c’d}7 g_}/ 7{p17"‘7p5})

nonterminals terminals initial nts productions
productions (a’b’c'd?) P1

= [21y1729,](4, B) / \

= A = , i i J 49
P2 = [azy, ca5](A) (a*,c") Ps (b?,d )p3

= A —|a, 2 2 2 2

P4 [a c]() (a®,c >,02 ; (b, d >,03 j

ps = B — [b,d]() | |
(a.0) (b.d)
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Multiple context-free grammars (MCFGs)

:<{S7A’B}7{a7b7c’d}7 g_}/ 7{p17"‘7p5})

nonterminals terminals initial nts productions
productions (a’b’c'd?) P1
— [21y172Y5](4, B) / \
=A— , i g J dJ
P2 = [azy, cx5](A) (a,c*) Pa (b?,d >,03
=A —|a, 2 2y 2 42y |
P4 [a c]() (a®,c >,02 ; (b, d >,03 j
ps = B = [b,d() | |
@0 ,, (b.d)

L(G) = {a’b?c?d? | i,j > 1}
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Multiple context-free grammars (MCFGs)

:<{S7A7B}7{a7b7c’d}7 g_}/ 7{p17"‘7p5})

nonterminals terminals initial nts productions
productions (a’b’c'd?) P1
— [21y172Y5](4, B) / \
=A— , i g J dJ
P2 = [azy, cx5](A) (a,c*) Pa (b?,d )p3
=A —|a, 2 2y 2 42y |
P4 [a c]() (a®,c >,02 ; (b, d >,03 j
ps = B = [b,d() | |
@0 ,, (b.d)

fan-out(G) = 2
L(G) = {a’b?c?d? | i,j > 1}
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') example
Y o
\ /
Y
€ TS(I")
2
@ B
A

Q

@ stack symbols I

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27

6/12



The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') example
@ stack symbols I

Y o
@ partial function \ /
ENL — Iy {Q} N

@ stack pointer p € N} / € TS(I)
2

from the domain of &
@ g
WA

@
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') example
@ stack symbols I

Y o
@ partial function \ /
ENL — Iy {Q} N

@ stack pointer p € N} / € TS(I)
2

from the domain of &

@ domain of ¢ prefix-closed

o B
3 p \%

@

Q@
@ @ exactly at the root
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') predicates (unary)

@ stack symbols I true = TS(I")

@ partial function bot = {(§,p) € TS(I") | p =€}
NG = 'Y {e) ea(7) = {(6:p) € TS(T) | () =7}

@ stack pointer p € N*,
from the domain of &

@ domain of ¢ prefix-closed

3 p

Q@
@ @ exactly at the root
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') predicates (unary)
@ stack symbols I true = TS(I")
@ partial function bot = {(&,p) € TS(I") |p =€}

NG = 'Y {e) ea(7) = {(6:p) € TS(T) | () =7}
@ stack pointer p € N*,

from the domain of ¢ instructions (possibly partial)
@ domain of ¢ prefix-closed id

set(7): &(p) =1
£ p (only if p # €)

up,: move stack pointer to i-th child
(only if £(pi) is defined)
Q@

@ @ exactly at the root
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') predicates (unary)
@ stack symbols I true = TS(I")
@ partial function bot = {(&,p) € TS(I") |p =€}

NG = 'Y {e) ea(7) = {(6:p) € TS(T) | () =7}
@ stack pointer p € N*,

from the domain of ¢ instructions (possibly partial)
@ domain of ¢ prefix-closed id

set(7): &(p) =1
£ p (only if p # €)

up,: move stack pointer to i-th child
(only if £(pi) is defined)
Q push (7): push v to the i-th child
@ @ exactly at the root (only if £(pi) is undefined)
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(I') predicates (unary)
@ stack symbols I true = TS(I")
@ partial function bot = {(&,p) € TS(I") |p =€}

NG = 'Y {e) ea(7) = {(6:p) € TS(T) | () =7}
@ stack pointer p € N*,

from the domain of ¢ instructions (possibly partial)
@ domain of ¢ prefix-closed id

set(7): &(p) =1
£ p (only if p # €)

up,: move stack pointer to i-th child
(only if £(pi) is defined)
Q push (7): push v to the i-th child
@ @ exactly at the root (only if £(pi) is undefined)

down: move stack pointer to parent
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a, 2
Ty = (2,4, 2
T3 = (2,¢, 3
Ty = 3,6, 3
75 = (3,b, 4
76 = (4,b, 4
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Tree-stack automata (TSA) as automata with storage, Scott (1967)
instructions

7 = (1,a,bot [push (x)}2

Ty = (2, aftrue  |push, () |2

w

T3 = (2, &,ftrue  ||push, (#)

w

7, = (3, €,|true ||down
= (3,b,|bot  |jpush, (x

IS

— O . Y N O O N N

)
= (4,b,|true [jpush (x)
= (4, ,[true [jpush (#)

ot

Tg = (5, €,|true ||[down

[N

T10 = (6, c,feq(*) up,

T11 = (6, €,leq(#)||down 7
T10 = (7,€e,|eq(*) ||/down 7
T13 = (7, €,|bot up,, 8

oo

= (8,d,leq() flup,
Ti5 = S,E,Leq(#l gd

predicates
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

T1 =
Ty =
T3 = (2, €, true ,push #),3
T4 = (3, €, true down ;3
Ts5 =
4, b true ,push *) ,4
4,e,true ,push, (#),5

(1, )
(2, )
(2, )
( )
(3, )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
=( )
( )
( )

Te =

Tr =

T9 = (5, €, bot ,up, ,6
T10 = (6,¢,eq( ),up1 ,6
711 = (6, €, eq(#), down , 7
19 = (7,€,eq( ) down , 7

7,¢,bot ,up2 , 8
T14 = (8,d, eq(x* ,up, , 8
T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

T = recognises {a’b’c?d? | i,j <1}
Ty =
T3 = (2, €, true ,push #),3
T4 = (3, €, true down , 3
Ts5 =
4, b true ,push *) ,4
4,e,true ,push (#),5

(1, )
(2, )
(2, )
( )
(3, )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
=( )
( )
( )

Te =

Tr =

T9 = (5, €, bot ,up, ,6
T10 = (6,¢,eq( ),up1 ,6
711 = (6, €, eq(#), down , 7
19 = (7,€,eq( ) down , 7

7,¢,bot ,up2 , 8
T14 = (8,d, eq(x* ,up, , 8
T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) ,2
79 = (2, a, true ,pushl(*) )2
T3 = (2, &, true ,pushl(#),3

3,e,true ,down , 3
3,b,bot ,push,_(x) ,4
4,b,true ,push (x) ,4
4, ¢, true ,pushl(#),5

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

Ty =
Ty =
Te =

Tr = state: 1 stack: Q<

4

T = (5,€,bot ,up, ,6)  input tape: alalblclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

19 = (7,€,eq( ) down , 7

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

(r, = (1,a,bot ,push (%) ,2)] recognises {a*bIctd? | i,5 <1}

Ty = (2,a,true ,push, (x) ,2

T3 = (2, &, true ,pushl(#),?’
3,e,true ,down ,3
3,b,bot ,push,_(x) ,4
4,b,true ,push, (*) ,4
4, ¢, true ,pushl(#>75

(1,
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T4 =
T5 =
T6 =
Tr = state: 1 stack: Q<

4

T = (5,€,bot ,up, ,6)  input tape: alalblclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

19 = (7,€,eq( ) down , 7

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

Ty = (2,a,true ,push, (x) ,2

T3 = (2,€,true ,push, (#),3

T4 = (3,€,true ,down ,3

Ts = (3, b, bot 7push2(>o<) , 4 e
T¢ = (4,b,true ,push (x) ,4 N
T7 = (4,&,true ,push (#),5)  spate: 2 stack: Q@

\
T = (5,€,bot ,up, ;6 inputtape:’a alblclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

T10 = (7,¢,¢eq( ) down 7)1

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push () ,2) recognises {a*bIctd? | i,5 <1}
(7'2 = (2,a,true ,push, (%) ,2)]

75 = (2, ¢, true ,push, (#), 3)

7, = (3,e,true ,down ,3)

75 = (3, b, bot 7push2(>o<) ,4)

Te = (4,b,true ,push () ,4) *i_
77 = (4,¢,true ,push (#),5) sate: 2 stack: @
73 = (5b,e,true ,down  ,5) 3

79 = (5,€,bot ,up, ,6) input tape: ’a alblclcld‘
T10 = (6, ¢, eq( )aup1 ,6)

711 = (6,¢,eq(#),down  ,7) run:

T10 = (7,€, eq( ) down ,7) "1

7153 = (7, €, bot ,up2 ,8)

T14 = (8,d, eq(x up1 ,8)

T15 = (8,¢€,eq(#),id ,9)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

Ty = (2,a,true ,push, (x) ,2

T3 = (2,€,true ,push, (#),3

T4 = (3,€,true ,down ,3 * <
Ts = (3, b, bot 7push2(>o<) , 4 1‘
T¢ = (4,b,true ,push (x) ,4 *\
T7 = (4,&,true ,push (#),5)  spate: 2 stack: Q@

Y

T = (5,€,bot ,up, ;6 inputtape:’ala blclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

19 = (7,€,eq( ) down ,7) TiT2

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push (¥) ,2) recognises {a*bicid? | 4,5 < 1}

To =

)
2, a, true ,pushl(*) ,2)
(7-3 = (2, ¢, true ,pushl(#),?’))

3,e,true ,down , 3

T, = * <—
Ts = (3, b, bot 7push2(>o<) , 4 1‘
T¢ = (4,b,true ,push (x) ,4 *\
77 = (4,€,true ,push (#),5) state: 2 stack: Q@

Y

input tape: ’ala blclcld‘

T9 = (5, €, bot ,up, ,6

711 = (6, €, eq(#), down ,7) run:
T1o = (7, €, eq( ) down ,7) T1i72
T13 = (7, €, bot ,up2 , 8
T14 = (8,d, eq(x* up1 , 8

(1,

(2,

(2,
( )
( )
( )
(4, )

75 = (5, €, true , down ,5)
( )

T10 = (6,c,eq(*) ,up, ,6)
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) ,2

79 = (2, a, true ,pushl(*) )2 H o
75 = (2, ¢, true ,pushl(#),3 1l
7, = (3,€e,true ,down »3 *
Ty = 3 b bot ,pushz(*) 74 1>l<

T¢ = (4,b,true ,push (x) ,4
4, ¢, true ,pushl(#),5

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

Tr = state: 3 stack: Q

Y

T = (5,€,bot ,up, ;6 inputtape:’ala blclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

19 = (7,€,eq( ) down ,7)  TiT273

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 = (1, a,bot ,pushl(*) ,2)
75 = (2,a, true ,pushl(*) ,2) H o
75 = (2, ¢, true ,pushl(#),?’)

)

(7'4 = (3,e,true ,down , 3
3,b,bot ,push,_(x) ,4
4,b,true ,push (x) ,4
4, ¢, true ,pushl(#),5

Ty =
Te =

Tr = state: 3 stack: Q

Y

input tape: ’ala blclcld‘

T9 = (5, €, bot ,up, ,6

711 = (6, €, eq(#), down ,7) run:
T1o = (7, €, eq( ) down ,7) T17273
T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1,

(2,

(2,

(
( )
( )
(4, )

75 = (5, €, true , down ,5)
( )

T10 = (6,c,eq(*) ,up, ,6)
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) ,2

75 = (2,a, true ,pushl(*) ,2 #
75 = (2, ¢, true ,pushl(#),3 1l
7, =(3,e,true ,down 3 i
Ty = 3 b bot ,pushz(*) 74 1>l<
Te = (4,b,true ,push (x) ,4 IN
T, = (4,¢,true ,push (#),5) state: 3 stack: Q@

Y

T = (5,€,bot ,up, ;6 inputtape:’ala blclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run:

19 = (7,€,eq( ) down ,7)  T1T27374

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push () ,2) recognises {a*bIctd? | i,5 <1}
T4 = (2, a, true ,pushl(*) ,2)

T3 = (2, €, true ,pushl(#),3) 7?/:

(7'4 = (3,¢e,true ,down ,3)] e —
Ts = (3, b, bot 7push2(>o<) , 4 1‘

T¢ = (4,b,true ,push (x) ,4 *\

T7 = (4,¢,true ,push (#),5)  state: 3 stack: Q@

Y

input tape: ’ala blclcld‘

T9 = (5, €, bot ,up, ,6

711 = (6, €, eq(#), down ,7) run:
T1o = (7, €, eq( ) down ,7) 71727374
T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1,

(2,

(2,

(
( )
( )
(4, )

75 = (5, €, true , down ,5)
( )

T10 = (6,c,eq(*) ,up, ,6)
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) 2

75 = (2,a, true ,pushl(*) ,2 #

75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down »3 *

Ty = 3 b bot ,push2(*) 74 1>l<

Te = (4,b,true ,push (x) ,4 IN
T, = (4,¢,true ,push (#),5) state: 3 stack: Q<

Y

T = (5,€,bot ,up, ;6 inputtape:’ala blclcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run: .

19 = (7,€,eq( ) down ,7)  T1T2T3Ty

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push () ,2) recognises {a*bIctd? | i,5 <1}
T, = (2, a, true ,pushl(*) ,2)

T3 = (2,€,true ,push, (#),3) 7/:

7, = (3,e,true ,down ,3) '

(7'5 = (3, b, bot 7push2(>o<) 74:)] /]

Te = (4,b,true ,push () ,4) *\

77 = (4,¢,true ,push (#),5) sate: 3 stack: Q<—
73 = (5b,e,true ,down  ,5) v

79 = (5,€,bot ,up, :6) input tape: ’ala blclcld‘
T10 = (6, ¢, eq( )aup1 ,6)

711 = (6,¢,eq(#),down  ,7) run: .

T10 = (7,€, eq( ) down ,7) 71727374

7153 = (7, €, bot ,up2 ,8)

T14 = (8,d, eq(x up1 ,8)

T15 = (8,¢€,eq(#),id ,9)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

79 = (2, a, true ,pushl(*) ,2 #

75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down ,3 *

75 = (3, b, bot ,push2(*) 14 ‘Jk * <—
T¢ = (4,b, true 7puShl(*) 4 N 4
T, = (4,¢e,true ,push (#),5) state: 4 stack: Q@

Y

T = (5,€,bot ,up, ;6 inputtape:’alalb clcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run: 5

19 = (7,€,eq( ) down ,7)  T1T273747s5

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push () ,2) recognises {a*bIctd? | i,5 <1}
T, = (2, a, true ,pushl(*) ,2)
75 = (2, ¢, true ,push, (#), 3) 7?/:
7, = (3,e,true ,down ,3) "
75 = (3, b, bot 7push2(>o<) ,4) /]
Tg = (4,b,true ,push () ,4) *\ A*<_
(rr = (4,e,true ,push (#),5)]  state: 4 stack: @
73 = (5b,e,true ,down  ,5) v
79 = (5,€,bot ,up, :6) input tape: ’alalb clcld‘
T10 = (6,c,eq(*) ,up, ,6)
711 = (6,¢,eq(#),down  ,7) run: .
T10 = (7,€, eq( ) down ,7) 7172737475
7153 = (7, €, bot ,up2 ,8)
T14 = (8,d, eq(x up1 ,8)
( )

T15 = (8,€,eq(#),id ,9

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 7/12



Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) 2

79 = (2, a, true ,pushl(*) ,2 #

75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down »3 * <
75 = (3, b, bot ,push2(*) 14 ‘Jk >|‘<1
T¢ = (4,b, true 7puShl(*) 4 N 4
7, = (4, €, true aPUSh1(#>75 state: 4 stack: Q@

Y

T = (5,€,bot ,up, ;6 inputtape:’alalb clcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run: 5

19 = (7,€,eq( ) down ,7)  TiT2T3T4TsT7

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

71 = (1,a,bot ,push () ,2) recognises {a*bIctd? | i,5 <1}
T, = (2, a, true ,pushl(*) ,2)
75 = (2, ¢, true ,push, (#), 3) 7?/:
7, = (3,e,true ,down ,3) 1* H
75 = (3, b, bot 7push2(>k) ,4) 1‘ E
Te = (4,b,true ,push () ,4) *\ A*
77 = (4,¢,true ,push (#),5) state: 4 stack: @
(rs = (5,¢,true ,down ,5) v
79 = (5,€,bot ,up, :6) input tape: ’alalb clcld‘
T10 = (6,c,eq(*) ,up, ,6)
711 = (6,¢,eq(#),down  ,7) run: .
T10 = (7,€, eq( ) down , 7)) T1T273T4 7577
7153 = (7, €, bot ,up2 ,8)
T14 = (8,d, eq(x up1 ,8)

( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) 2

79 = (2, a, true ,pushl(*) ,2 #

75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down »3 * #
75 = (3, b, bot ,push2(*) 14 ‘Jk >|‘<1
T¢ = (4,b, true 7puShl(*) 4 N 4
T, = (4,¢,true ,push (#),5) state: 5 stack: Q<

Y

T = (5,€,bot ,up, ;6 inputtape:’alalb clcld‘
T10 = (6,¢,eq( ),up1 ,6

711 = (6, €, eq(#), down ,7) run: 5 .

19 = (7,€,eq( ) down ,7)  TiT2T3TaTsT77s

T13 = (7, €, bot ,up2 , 8

T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
( )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

7, = (1, a,bot ,pushl(*) ,2)
T, = (2, a, true ,pushl(*) ,2)
T3 = (2,€,true ,push, (#),3) 7/:
7, = (3,e,true ,down ,3) ' i
75 = (3, b, bot 7push2(>o<) ,4) 1| 1
Te = (4,b,true ,push () ,4) *\ A*
77 = (4,¢,true ,push, (#),5) state: 5 stack: Q<—
73 = (5b,e,true ,down  ,5) v
[7'9—<55b°t »upy 76)] input tape: ’alalb clcld‘
10 = (6, ¢, eq( )aup1 ,6)
711 = (6,¢,eq(#),down  ,7) run: . )
T10 = (7,€, eq( ) down ,7) T1727374757778
7153 = (7, €, bot ,up2 ,8)
T14 = (8,d, eq(x up1 ,8)
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) ,2

79 = (2, a, true ,pushl(*) )2 H o
75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down »3 * #
75 = (3, b, bot ,pushz(*) 14 ‘Jk >|‘<1

Te =

4,b,true ,push (x) ,4
4, ¢, true ,pushl(#),5

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
= (6, )
( )
( )
( )
( )
( )

Tr = state: 6 stack: Q

y
To = 55b0t »up, ,6 inputtape:’alalblclc d‘
711 = (6, €, eq(#), down ,7) run:

3 2 2
19 = (7,€,eq( ) down ,7) TiT2T3T4TsT7T8T9Tio
T13 = (7, €, bot ,up2 ,8
T14 = (8,d, eq(x* up1 , 8

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

Ty = (2,a,true ,push, (x) ,2 s
T3 = (2,€,true ,push, (#),3 i

T4 = (3,€,true ,down ,3 * +#
75 = (3, b, bot 7push2(>o<) ,4 1Jk Jj

Te =

4,b,true ,push (x) ,4

77 = (4,€,true ,push (#),5) state: 6 stack: Q@

T9 = (5, €, bot ,up, ,6

input tape: ’alalblclc'd‘

711 = (6, €, eq(#), down ,7)| run:

3 2_ 2
19 = (7,€,eq( ) down ,7) T1T2T3TaTsT77T8T9 1o
T13 = (7, €, bot ,up2 ,8
T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
T10 = (6,c,eq(*) ,up, ,6)
( )
< )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

T, = (1,a,bot ,pUShl(*) ,2

79 = (2, a, true ,pushl(*) ,2 #

75 = (2, ¢, true ,pushl(#),3 1l

7, = (3,€e,true ,down »3 * #
75 = (3, b, bot ,pushz(*) 14 ‘Jk >|‘<1
T¢ = (4,b, true 7puShl(*) 4 N 4
T, = (4,¢e,true ,push (#),5) state: 7 stack: Q<

A
To = 55b0t »up, ,6 inputtape:’alalblclc d‘
711 = (6,€,eq(#), down ,7) run:
3 2. .2 2
19 = (7,€,eq( ) down ,7) TiT2T3T4T5T778ToTi0T11 712
T13 = (7, €, bot ,up2 ,8
T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
= (6, )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

Ty = (2,a,true ,push, (x) ,2 "

T3 = (2,€,true ,push, (#),3 i

T4 = (3,€,true ,down ,3 * +#
75 = (3, b, bot 7push2(>o<) ,4 1Jk Jj
T¢ = (4, b, true pushl(*) ,4 NA
T; = (4, €, true aPUShl(#)75 state: 7 stack: Q<

A
To = 55b0t »up, ,6 inputtape:’alalblclc d‘
711 = (6,€,eq(#), down ,7) run:
3 2. .2 2
19 = (7,€,eq( ) down ,7) TiT2T3T4T5T778ToTi0T11T12
T13 = (7, €, bot ,up2 ,8
T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
= (6, )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

recognises {a’b’c?d? | i,j <1}

71 =(1,a,bot ,push (x) ,2

Ty = (2,a,true ,push, (x) ,2 "

T3 = (2,€,true ,push, (#),3 i

T4 = (3,€,true ,down ,3 * # <
75 = (3, b, bot 7push2(>o<) ,4 1>l< JJ
T¢ = (4, b, true pushl(*) ,4 NA
T; = (4, €, true aPUShl(#>75 state: 9 stack: Q@

Ty = 55b°t »Upy ;6 inputtape:’alalblclcld
711 = (6,€,eq(#), down , 7 run:
3 2 .2 2
T10 = (7,¢,¢eq( ) down ,7) TiT2T3T4T5T778ToT107T11 712713714715
T13 = (7, €, bot ,up2 ,8
T14 = (8,d, eq(x* up1 , 8

(1, )
(2, )
(2, )
( )
( )
( )
(4, )
75 = (5, €, true , down ,5)
( )
= (6, )
( )
( )
( )
( )
( )

T15 = (8,€,eq(#),id ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

7, = (1, a,bot ; push, (x) ,2)
T, = (2, a, true ; push, (x) ,2)
75 = (2, ¢, true ; push, (#),3)
7, = (3,e,true ,down ,3)
75 = (3,b,bot ,push, (x) ,4)
76 = (4, b, true , push, ( ,4)
7, = (4,¢,true ,push, (#),5)
73 = (5b,e,true ,down  ,5)
To = (5,€,bot ,up, ,6)
T10 = (6, ¢, eq( )aup1 ,6)
711 = (6,€,eq(#),down  ,7)
T10 = (7,€, eq( ) down ,7)
7153 = (7, €, bot ,up2 ,8)
714 = (8,d,eq(x) ,up, +8)
T15 = (8,¢€,eq(#),id ,9)

T. Denkinger: An automata characterisation for MCFLs

recognises {a’b’c?d? | i,j <1}

state: 9 stack: Q

input tape: ’alalblclcld

run:
3 2 2 2
T1T2T3TyT5sT7T8T9T107T117T12713714715

2-restricted: enters each stack position at
most 2 times from below

DLT, Montréal, 2016-07-27 7/12



The automata characterisation

Theorem Denkinger (2016)

k-MCFL = k-TSL,

Proof sketch: ~ Show both set inclusions by construction.

k-MCFL: languages generated by MCFGs of fan-out at most k

k-TSL: languages recognised by k-restricted tree stack automata

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,
Construction idea:
p=A—=[ a z; , c =z [(B)

return addresses
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,

Construction idea: {p,1,1) {(p,2,0) (p,2,2)
| !
p=A—>[eaex, e ecex,e](B)
i
return addresses (p,1,0) (p,1,2) (p,2,1)

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27



k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,

Construction idea: {p,1,1) {(p,2,0) (p,2,2)
| !
p=A—>[eaex, e ecex,e](B)
i
return addresses (p,1,0) (p,1,2) (p,2,1)

example transitions:
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k-MCFL C k-TSL,

Denkinger (2016)

Lemma
%-MCFL C k-TSL,
Construction idea: {p,1,1) {(p,2,0) (p,2,2)
A [eanny e, beon o)
return addresses (P I,0> (p,1,2) (p,2,1)

example transitions:

read: ((p,1,0), a, true, id, (p, 1, 1))
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,

Construction idea: {p,1,1) {(p,2,0) (p,2,2)
A [eanny e, beon o)
return addresses (p, I,0> (0, 1,2) (p,2,1)
example transitions: (p’ has lhs B and p has A on rhs)

read: ((p,1,0), a, true, id, (p, 1, 1))
call: ((p,1,1), e, true, push, ({p,1,2)), (o, 1,0))
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,

Construction idea: {p,1,1) {(p,2,0) (p,2,2)
A [eanny e, beon o)
return addresses (p, I,0> (0, 1,2) (p,2,1)
example transitions: (p’ has lhs B and p has A on rhs)

read: ((p,1,0), a, true, id, (p, 1, 1))
call: ((p,1,1), e, true, push, ({p,1,2)), (o, 1,0))

return: ((p,1,2),e,eq((p,7,7)),set(p), (p.7, 7))
(<ﬁ7ia.j>v7€atrueadown7 <ﬁ*]7>)
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k-MCFL C k-TSL,

Lemma Denkinger (2016)

k-MCFL C k-TSL,

Construction idea: {p,1,1) {(p,2,0) (p,2,2)
A [eanny e, beon o)
return addresses (p, I,0> (0, 1,2) (p,2,1)
example transitions: (p’ has lhs B and p has A on rhs)

read: ((p,1,0), a, true, id, (p, 1, 1))

call: ((p,1,1), ¢, true, push, ((p, 1,2)), (p",1,0))

)
return: ((p,1,2),e,eq((p,7,7)),set(p), (p.7, 7))
(5.1, 3).0 . true, down, (5, 1)
(¢

resume: ,2,1), e, true, upl, (p,2,1);)

((p,2. 1>T,s eq(p)15et((p, 2, ), (2. 0)
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k-TSL, C k-MCFL

Lemma Denkinger (2016)

k-TSL, C k-MCFL
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k-TSL, C k-MCFL

Lemma Denkinger (2016)

k-TSL, C k-MCFL

Proof idea:
(1) construct an MCFG that generates the runs

(2) use closure of MCFG under homomorphisms
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k-TSL, C k-MCFL

Lemma Denkinger (2016)

k-TSL, C k-MCFL

Proof idea:
(1) construct an MCFG that generates the runs

<q17qj/[7 "'7qm7 q7/n7’)’07 7’7m> :>* (91) ey em)
€Q2m el"m+1

if and only if

@ 0,,...,0,, all return to the stack position they started from and
never go below it

@ 0, starts with state ¢; and stack symbol v,_; and ends with ¢/,
and v, (for1 <i <m)

(2) use closure of MCFG under homomorphisms

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27
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k-TSL, C k-MCFL (monadic example)

transitions:

T1
Ty =
T3 =
Ty =
Ts =
Te =
T7 =
Tg =

Tg =

= (1, a, true

1,e,true
2,e,eq(#
2, b, eq(x
2sbot
3,c,eq(x
3,e,eq(#
4,d, eq(x
45b0t

(
(
(
(
(
(
(
(

spush, () , 1)
;push, (#),2)
), down ,2)
, down ,2)
7up1 73)
7up1 73>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs
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k-TSL, C k-MCFL (monadic example)

transitions:

7-1:

Ty =
T3 =
Ty =
Ts =
Te =
T7 =
Tg =

Tg =

(1, a,true
1,e,true
2,e,eq(#
2, b, eq(x
2abot
3,c,eq(x
3,e,eq(#
4,d, eq(x
4ab0t

(
(
(
(
(
(
(
(

spush, () , 1)
;push, (#),2)
), down ,2)
, down ,2)
7up1 73)
7up1 73>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

11
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k-TSL, C k-MCFL (monadic example)

transitions:

7-1:

Ty =
T3 =
Ty =
Ts =
Te =
T7 =
Tg =

Tg =

(1, a,true
1,e,true
2,e,eq(#
2, b, eq(x
2abot
3,c,eq(x
3,e,eq(#
4,d, eq(x
4ab0t

(
(
(
(
(
(
(
(

spush, () , 1)
;push, (#),2)
), down ,2)
, down ,2)
7up1 73)
7up1 73>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

(C
—

—_

e
~—
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k-TSL, C k-MCFL (monadic example)

transitions: run for a?b?c?d? and the stack:

7y = (1,a,true ,push (x) ,1)

75 = (1,¢, true ,pushl(#),2) 111

T3 = (2, e, eq(#), down ,2)

T4 = (2,b,eq(x) ,down  ,2) 4 (1, %)
5 =(2,¢, bot ,up1 ,3)

76 = (3,c,eq(x) ,up 3) TJ

° L (1)
7, = (3,e,eq(#),down  ,4)

Tg = (4,d,eq(x) ,down  ,4) TJ
9 = (4,¢, bot ,id ,5) ¢ (1,9
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k-TSL, C k-MCFL (monadic example)

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1

)
,push1<#>, 2)
), down ,2)
,down  ,2)
,up, »3)
7up1 73)
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111 (2,#)
To
11 (1,
T
1(1,
71

(1,@)
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k-TSL, C k-MCFL (monadic example)

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1

)
,push1<#>, 2)
), down ,2)
,down  ,2)
,up, »3)
7up1 73)
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

11

™

(2,#)

To gv
(1,%) (2,x)
(1,%)

T

(1,@)
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k-TSL, C k-MCFL (monadic example)

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1

)
,push1<#>, 2)
), down ,2)
,down  ,2)
,up, »3)
7up1 a3>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

11

™

(2, #)—
T2 73
(1,%) (2,x)
1 Ty

(1, %) (2,%)

T Ty

(1,@) (2,@)
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k-TSL, C k-MCFL (monadic example)

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1

)
,push1<#>, 2)
), down ,2)
,down  ,2)
,up, »3)
7up1 a3>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

11

™

(21 :/%'é)ﬁ (31 #)
Ty T3 Te
(1,%) (2,%) (3,%)
1 Ty Te

(1,%) (2,%) (3,%)

1 Ty Ts

(1,@) (2,@)—
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k-TSL, C k-MCFL (monadic example)

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1

)
,push1<#>, 2)
), down ,2)
,down  ,2)
,up, »3)
7up1 a3>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

run for a?b?c?d? and the stack:

111

11

™

(21 :/%'é)ﬁ (31 :/%'é)ﬁ

T2 T3 T6

(1,%) (2,%) (3,%) (4,x)

T Ty Te

(1, %) (2,%) (3,%) (4,%)

1 Ty Ts

(1,@) (2,@)—
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k-TSL, C k-MCFL (monadic example)

run for a?b?c?d? and the stack

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

spush, () , 1)
,PUShl (#),2)
), down ,2)
, down ,2)
7up1 73)
7up1 73>
), down ,4)
,down  ,4)
,id ,5)

T. Denkinger: An automata characterisation for MCFLs

111

11

™

<2a:/%'£)ﬁ <3a:/%'£)ﬁ

T2 T3 Te T7

(1,%) (2,%) (3,%) (4,x)

1 Ty Te K

(1, %) (2,%) (3,%) (4,%)

1 T4 Ts T8

(1,@) (2,@)— (4, @) (5, @)
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k-TSL, C k-MCFL (monadic example)

run for a?b?c?d? and the stack:

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1
,push1<#>, 2

), down
, down
b upl
b up1
), down

, down
,id

.2

N

U W W
R N s N e N

T. Denkinger: An automata characterisation for MCFLs

111 <2a7%'£)ﬁ <3a7%'£)ﬁ
Ty Tg Te T
11 (1,%) (2,%) (3,%) (4,%)
1 Ty Te K
1T (1,%) (2,%) (3,%) (4,%)
1 T4 Ts T8
c (1,Q@) (2,@)— (4,@)7%(5,@)

DLT, Montréal, 2016-07-27

principle of crossing sequences

11/12



k-TSL, C k-MCFL (monadic example)

run for a?b?c?d? and the stack:

transitions:
7, = (1, a, true

1, e, true
Ty = 2beq

3,c,eq(x
T = (3, e, eq(#
Tg = (4,d, eq(x)
4, €, bot

= (
=(2,
(
5 =(2,¢, bot
= (
(
(
= (

;push, () ,1
,push1<#>, 2

), down
, down
b upl
b up1
), down

, down
,id

.2

N

U W W
R N s N e N

T. Denkinger: An automata characterisation for MCFLs

111 <2a7%'£)ﬁ <3a7%'£)ﬁ
Ty Tg Te T
110 (1, %) (2,%) (3,%) (4,%)
1 Ty Te K
1(1,%) (2,%) (3,%) (4,%)
1 T4 Ts T8
- 1(1,Q@) (2,@)—  (4,@)7%(5,@)
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k-TSL, C k-MCFL (monadic example)

transitions: run for a?b?c?d? and the stack:
7, = (1,a,true ,push (%) ,1

1, e, true ,pushl(#),2 111 (Qa#)ﬁ (&#)ﬁ

7—2—

T, =(2,¢,e ), down 2
3 al# ’ To| T3y Te| Tr

(1,
= (2,
74 =(2,b,eq(*) ,down 2 111 (1,%) (2,%) (3,%) (4,%)
5 =(2,¢, bot ,up,
T T T T
— (3, 3 1 4 6 8
Te = (3,c,eq(*) ,up, ; 1(L%) (2,%) (3,%) (4,%)
7, = (3, e, eq(#), down , 4
Tg = (4,d,eq(*) ,down  ,4 Tl T4y Ts 78

— O O S S~

797<47€,b0t i - l(1,@) (2,0)—  (4,@)% (5, @)

(S}

some rules: principle of crossing sequences

(1,5;@Q, @) — [y 2174 T5LoTgTo) ((1,2,3, 4; %, %, %))
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k-TSL, C k-MCFL (monadic example)

transitions: run for a?b?c?d? and the stack:

7, = (1, a, true s push, (x) ,1)
75 = (1,¢, true ,pushl(#),2) 11 (2,#)— (3, #)—
T3 = (2,e,eq(#),down  ,2) Tl T ol T
7o =(2,beq(x) sdown,2) ] (1) (2,%) (3,%) (4,%)
5 =(2,¢, bot ,up, ,3)
Ty Ty To Tg
Tom(Beeal) swby Y @0k (3,4 (4,9
7, = (3,e,eq(#),down  ,4)
Tg = (4,d,eq(x) ,down  ,4) Tl T4y Ts 78
9 = (4,¢, bot ,id ,5) c(1,@) (2,@)— (4, @> (5,@)

some rules: principle of crossing sequences

(1,2,3,4;%,%,%) — [Ty21T4, TeTaTg]((1,2,3,4; %, %, %))
(1,5;@Q, @) — [y 2174 T5LoTgTo) ((1,2,3, 4; %, %, %))
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k-TSL, C k-MCFL (monadic example)

transitions: run for a?b?c?d? and the stack:

7, = (1, a, true s push, (x) ,1)
75 = (1,¢, true ,pushl(#),2) 11 (2,#)— (3, #)—
T3 = (2,e,eq(#),down  ,2) Tl T ol T
T4 =(2,b,eq(x) ;down  ,2) 1| (1,%) (2,%) (3,%) (4,%)
5 =(2,¢, bot ,up, ,3)
1 Ty Te T8
To = (Besedt supy LB ) @) (3. (4%)
7, = (3,e,eq(#),down  ,4)
Tg = (4,d,eq(x) ,down  ,4) Tl T4y Ts 78 To
9 = (4,¢, bOt ,id ,5) ¢ (1,@) (2,@)— (4,@)—(5,@)

some rules: principle of crossing sequences

(1,2,3,4;%,%,%) = [Tox1Ts, TeToT7]((2,2,3,3; #, #, #))
(1,2,3,4;%,%,%) — [Ty21T4, TeTaTg]((1,2,3,4; %, %, %))
(1,5;@Q, @) — [y 2174 T5LoTgTo) ((1,2,3, 4; %, %, %))

%
H
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k-TSL, C k-MCFL (monadic example)

run for a2b2¢2d? and the stack:

transitions:

7 = (1,a,true ,push (¥) 1)

Ty = (1,€,true ,push (#),2) 111 (2,#)— (3, #)—

T3 = (2,e,eq(#),down  ,2) Tl T ol T

T4 = (2,b,eq(x) ,down  ,2) 4 (1,%) (2,%) (3,%) (4,%)

5 =(2,¢, bot ,up, ,3) _ _ 7' .

o Bl w8 (1) 20 (3,0) (1,9)

7, = (3,e,eq(#),down  ,4)

Tg = (4,d,eq(x) ,down  ,4) T Tay Ts Tay

Tg = (4,€,b0t ,id ,5) c(1,@) (2,@)— (4, @)_9’ (5,@)

some rules: principle of crossing sequences

(2,2,3,3; #, #, #) — le,€]()
(1,2,3,4; %, %, %) = [Tox1Ts, TeToT7]((2,2,3,3; #, #, #))
(1,2,3,4;%,%,%) — [Ty01T4, TeToTg]((1,2,3,4; %, %, %))
(1,5;@Q, Q@) — [y 2174 T5ToTgTo) ((1,2,3,4; %, %, %))

T. Denkinger: An automata characterisation for MCFLs

DLT, Montréal, 2016-07-27

11/12



k-TSL, C k-MCFL (monadic example)

transitions: run for a2b2¢2d? and the stack:

7 = (1,a,true ,push (¥) ,1)
Ty = (1,€,true ,push (#),2) 111 (2,#)—  (3,#)—
T3 = (2,e,eq(#),down  ,2) Tl T ol T
T4 =(2,b,eq(x) ;down  ,2) 1| (1,%) (2,%) (3,%) (4,%)
5 =(2,¢, bot ,up, ,3)
1 T4 76 78
ToZevedm) w3 1) 0k (3,4) (40)
7, = (3,e,eq(#),down  ,4)
Tg = (4,d,eq(x) ,down  ,4) 71 Tay  Ts 78 To
Tg = (4,€,b0t ,id ,5) ¢ (1,@) (2,@)— (4,@)—=(5,@)

some rules: principle of crossing sequences
(2,2,3,3; #,#,#) — [,¢]()
(1,2,3, 455, %, %) = | 11 ez J((2,2,3, 34, #,#)
(1,2,3,4;%,%,%) — [ a , cxo d]((1,2,3,4; %, %, %))
(1,5;@,@) — [a xod  ]((1,2,3,4;%, %, %))
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k-TSL, C k-MCFL (monadic example)

transitions:

7, = (1, a, true s push, (x) ,1)
Ty = (1,€,true ,push, (#),2)
T3 = (2,e,eq(#),down  ,2)
74 =(2,b,eq(x) ,down ,2)
5 =(2,¢, bot ,up, ,3)
Te = (3,c,eq(*) ,up, ,3)
7, = (3,e,eq(#),down  ,4)
Tg = (4,d,eq(x) ,down  ,4)
9 = (4,¢, bot ,id ,5)

some rules:

T. Denkinger: An automata characterisation for MCFLs

r—|*‘,—|*‘

run for a?b?c?d? and the stack:

111 <2a7%'£)ﬁ <3a7%'£)ﬁ

T2 T3 T6 T7
110 (Lx) (2,%) (3,%) (4,%)
T Ty Te T8

1(1,%) (2,%) (3,%) (4,%)

T Ty Ts T8

(1,@) (2,@)— (4, @) (5, @)

(O}

principle of crossing sequences

Lcay |(B)

cxyd](A)
zad ](4)

DLT, Montréal, 2016-07-27 11/12
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k-TSL, C k-MCFL (non-monadic example)

111-- (3, #)— (6, #)—
T3 T4 Tio| T11
11---(2,%) (3, %) (6,%)-(7,%)
7 T8 Ti4| T1s
2 (4, %) -(5,%) (8,%)--(9,%)
T2 Ty T10 T12
1(2,%) - (3, %) (6,%)-(7,%)
1 T4 Ts T8 To| Ti2 T13| Tie

- (1,@) (3,@)—) (5,@)— (1,@)—) (9,@) 1% (10, @)
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k-TSL, C k-MCFL (non-monadic example)

113, #)— (6, #)— J
21 (5, #)—\ (87 #)ﬁ )
(T3] 74 Tio| T11 )
L@ 3,9 (6,%)(7,%) |
( T7 Tg Ti4| T15 )
2-- (4, %) -(5,%) (8,%)--(9,%) ]
(T2 Ty Ti0| Ti2 )
L@ 6 (6,)(7,%) )
(T1 T4 Ts T8 To| Ti2| Ti3| Tie - )
=-(1,@)-(3,@)—" - (5,@)— - (7,@)— - (9,@)—=5(10,Q)

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27



k-TSL, C k-MCFL (non-monadic example)

111

21

11

()

\(37#)ﬁ (67#)_W )
(57#)_\ (877%&)ﬁ

(T3 Ty Ti0| T11 )
(2,5)(3, %) (6,%)-(7,%) J
( T7|  Tg T14| T15 )
\ (4,%) (5. (8,%) (9. )
(T2 Ty Tio]  Ti2 A
(2.0 (3% (6.5) (7.%)

i

{

i {

(

(1,10;@, @) — [713317'47'591787'95527'127'13%7'167'17]
((2,3,6,T;%, %, %), (4,5, 8, 9; %, %, %)) )

T. Denkinger: An automata characterisation for MCFLs
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k-TSL, C k-MCFL (non-monadic example)

J\

T3, #)— (6, #)—
(T3 Ty Ti0| T11
[ (2%) (3,%) (6,%) (7, %)
( Tr TS Ti4| Tis
2 (4, %) -(5,%) (8,%)--(9,%)
>
1 <2a 37 67 7; *, *, *> — [7’2$1T4,7'10$2T12] ((27 37 67 7; *, %, *>)
1 \ \ \ 1 \ \ \
(1,10;@, @) — [7'13317'47'591787'95527'127'13%7'167'17]
5 (<27 37 67 7; *7*7*>7<47 57879; *7*7*)) )
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k-TSL, C k-MCFL (non-monadic example)

-~

LT3, #)— (6, #)—
(T3 Ty Ti0| T11

@03, (6,%) (7, %)
. -

5 (4,5,8,9; %, %, %) = [173Tg, T14Z2T15) ({5, 5, 8,8; #, #, #))

1 <2a 37 67 7; *, *, *) — [7—2$1T4’ ’7'101'27'12] ((27 37 67 7; *, %, *))
1 \ \ \ 1 \ \ \

(1,10;@,Q@) — [y &1 T4T5Y1 TeToLaT12T13Y2T16717)
5 (<27 37 67 7; *7*7*>7<47 57879; *7*7*>) )
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k-TSL, C k-MCFL (non-monadic example)

-~

T3, #)— (6, #)—
11 <2737677;*a*a*> — [T3$174,T1011727'11](<3,3,6,6;#,#,#))
1 | | | 1 | | |
2 <47 57 87 97 *, %, *> — [T7x17-87 T14£L'2’7'15] ((5’ 57 87 87 #7 #a #))
1 <2a 37 67 7; *, K, *) — [7—2$17—4’ ’7'101'27'12] ((27 37 6) 7; *, *, *))
1 \ \ \ 1 \ \ \
(1,10;@,@) — 121 T4T5Y1 TgToT2T12T13Y2T16717]
c (<2;37677;*7*7*>7<4757879;*7*7*>) )

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27



k-TSL, C k-MCFL (non-monadic example)

-

T3, #)— (6, #)—
i 1
21 <5’5’8’8;#’#’#> — [575]()
1 (2,3,6,7; %, %, %) = [T3T17T4, T10T2T11) ({3, 3,6, 6; 4, #, #))

i | | | f | | |

[\)

<47 57 87 97 *, %, *> — [T7x17-8? 7—14‘,1:27—15] ((5’ 57 87 87 #7 #a #))

aYd

<2a 3,6, 7; %, %, *) — [7'27317'4,7'105527'12] ((27 3,6, 7; %, %, *))

! \ \ \ f \ \ \

(1,10; @, @) — [7'13”17'47'591787'93727'127'13927'167'17]
5 (<27 37 67 7; *7*7*>7<47 57879; *7*7*)) )

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27



k-TSL, C k-MCFL (non-monadic example)

. [ (3,3,6,6; %, #, #) — [e,¢] ()
i | 1 |
21 <5’5’878; #7#’#> — [575] ()
11 (2,3,6,7;%, %, %) — [7'31'17'4=7'10372711](<3=376;6;#;#7#»

i | | | f | | |

[\)

<4a 5v 87 97 *, %, *> — [T7‘rl7-8? 7—14‘,1:27—15] ((57 5a 8a 87 #a #a #))

aYd

<2a 3,6, 7%, %, %) — [7'21"17'47 7'105527'12] ((27 3,6, 7; %, %, *>)

! | | | f | | |

(1,10;@, @) — [Ty 21 T4T5Y1 T8 ToT2T12T13Y2T16T17]
£ ((2,3,6,7;%, %, %), (4,5,8,9; %, %, %))

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27



k-TSL, C k-MCFL (non-monadic example)

111

21

11

[\)

-

C — [e,€]()

D — [e,€]()

A = 132174, T1025711](C)

| | f

B = [1721Tg, T1 45T 5] (D)

aYd

A = [Tox1 7y, T10ZaT12) (A)

|

\ \ f

\ \ \

&

S — [7'13317'47'5y17879x27'127'131927'167'17]

(4, B)

T. Denkinger: An automata characterisation for MCFLs
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