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Composition functions (example)

[𝑥1𝑦2, b𝑦1]:

(𝛴∗) × (𝛴∗ × 𝛴∗) → (𝛴∗ × 𝛴∗)

[𝑥1𝑦2, b𝑦1]((αγ), (β,α)) = (αγα, bβ)

each variable occurs at most once
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Multiple context-free grammars (MCFGs)

𝐺 = ( {𝑆, 𝐴, 𝐵}
nonterminals

, {a, b, c, d}
terminals

, {𝑆}
initial nts

, {𝜌1, …, 𝜌5}
productions

)

productions:
𝜌1 = 𝑆 → [𝑥1𝑦1𝑥2𝑦2](𝐴, 𝐵)
𝜌2 = 𝐴 → [a𝑥1, c𝑥2](𝐴)
𝜌3 = 𝐵 → [b𝑥1, d𝑥2](𝐵)
𝜌4 = 𝐴 → [a, c]()
𝜌5 = 𝐵 → [b, d]()

fan-out(𝐺) = 2

𝜌1

𝜌2

𝜌2

𝜌4

𝜌3

𝜌3

𝜌5

𝑖 𝑗

(au�bu�cu�du�)

(au�, cu�)

(a2, c2)

(a, c)

(bu�, du�)

(b2, d2)

(b, d)

𝐿(𝐺) = {au�bu�cu�du� ∣ 𝑖, 𝑗 ≥ 1}
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(𝛤 )
stack symbols 𝛤

partial function
𝜉: ℕ∗

+ → 𝛤 ⊎ {@}
stack pointer 𝑝 ∈ ℕ∗

+
from the domain of 𝜉
domain of 𝜉 prefix-closed

𝜉

@

𝑝

@ exactly at the root

example

@

𝛽

2

𝛼

𝛾

𝛼

3

𝛾

1

2

1

∈ TS(𝛤 )
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The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(𝛤 )
stack symbols 𝛤
partial function
𝜉: ℕ∗

+ → 𝛤 ⊎ {@}
stack pointer 𝑝 ∈ ℕ∗

+
from the domain of 𝜉
domain of 𝜉 prefix-closed

𝜉

@

𝑝

@ exactly at the root

predicates (unary)
true = TS(𝛤 )
bot = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝑝 = 𝜀}
eq(𝛾) = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝜉(𝑝) = 𝛾}

instructions (possibly partial)
id
set(𝛾): 𝜉(𝑝) ≔ 𝛾

(only if 𝑝 ≠ 𝜀)
upu�: move stack pointer to 𝑖-th child

(only if 𝜉(𝑝𝑖) is defined)

pushu�(𝛾): push 𝛾 to the 𝑖-th child
(only if 𝜉(𝑝𝑖) is undefined)

down: move stack pointer to parent

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 6 / 12



The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(𝛤 )
stack symbols 𝛤
partial function
𝜉: ℕ∗

+ → 𝛤 ⊎ {@}
stack pointer 𝑝 ∈ ℕ∗

+
from the domain of 𝜉
domain of 𝜉 prefix-closed

𝜉

@

𝑝

@ exactly at the root

predicates (unary)
true = TS(𝛤 )
bot = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝑝 = 𝜀}
eq(𝛾) = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝜉(𝑝) = 𝛾}

instructions (possibly partial)
id
set(𝛾): 𝜉(𝑝) ≔ 𝛾

(only if 𝑝 ≠ 𝜀)
upu�: move stack pointer to 𝑖-th child

(only if 𝜉(𝑝𝑖) is defined)

pushu�(𝛾): push 𝛾 to the 𝑖-th child
(only if 𝜉(𝑝𝑖) is undefined)

down: move stack pointer to parent

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 6 / 12



The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(𝛤 )
stack symbols 𝛤
partial function
𝜉: ℕ∗

+ → 𝛤 ⊎ {@}
stack pointer 𝑝 ∈ ℕ∗

+
from the domain of 𝜉
domain of 𝜉 prefix-closed

𝜉

@

𝑝

@ exactly at the root

predicates (unary)
true = TS(𝛤 )
bot = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝑝 = 𝜀}
eq(𝛾) = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝜉(𝑝) = 𝛾}

instructions (possibly partial)
id
set(𝛾): 𝜉(𝑝) ≔ 𝛾

(only if 𝑝 ≠ 𝜀)
upu�: move stack pointer to 𝑖-th child

(only if 𝜉(𝑝𝑖) is defined)
pushu�(𝛾): push 𝛾 to the 𝑖-th child

(only if 𝜉(𝑝𝑖) is undefined)

down: move stack pointer to parent

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 6 / 12



The tree stack idea from Villemonte de la Clergerie (2002a,b)

data type TS(𝛤 )
stack symbols 𝛤
partial function
𝜉: ℕ∗

+ → 𝛤 ⊎ {@}
stack pointer 𝑝 ∈ ℕ∗

+
from the domain of 𝜉
domain of 𝜉 prefix-closed

𝜉

@

𝑝

@ exactly at the root

predicates (unary)
true = TS(𝛤 )
bot = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝑝 = 𝜀}
eq(𝛾) = {(𝜉, 𝑝) ∈ TS(𝛤 ) ∣ 𝜉(𝑝) = 𝛾}

instructions (possibly partial)
id
set(𝛾): 𝜉(𝑝) ≔ 𝛾

(only if 𝑝 ≠ 𝜀)
upu�: move stack pointer to 𝑖-th child

(only if 𝜉(𝑝𝑖) is defined)
pushu�(𝛾): push 𝛾 to the 𝑖-th child

(only if 𝜉(𝑝𝑖) is undefined)
down: move stack pointer to parent

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 6 / 12



Tree-stack automata (TSA) as automata with storage, Scott (1967)

u�1 = (1, a, bot , push1(∗) , 2)
u�2 = (2, a, true , push1(∗) , 2)
u�3 = (2, u�, true , push1(#), 3)
u�4 = (3, u�, true , down , 3)
u�5 = (3, b, bot , push2(∗) , 4)
u�6 = (4, b, true , push1(∗) , 4)
u�7 = (4, u�, true , push1(#), 5)
u�8 = (5, u�, true , down , 5)
u�9 = (5, u�, bot , up1 , 6)

u�10 = (6, c , eq(∗) , up1 , 6)
u�11 = (6, u�, eq(#), down , 7)
u�12 = (7, u�, eq(∗) , down , 7)
u�13 = (7, u�, bot , up2 , 8)
u�14 = (8, d, eq(∗) , up1 , 8)
u�15 = (8, u�, eq(#), id , 9)

recognises {au�bu�cu�du� ∣ 𝑖, 𝑗 ≤ 1}

state: stack: @

∗

#
1

2

∗

∗

#
1

1

1

input tape: a a b c c d

run:

u�1u�2u�3u�4u�5u�7u�2
8 u�9u�2

10u�11u�2
12u�13u�14u�15

2-restricted: enters each stack position at
most 2 times from below
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The automata characterisation

Theorem Denkinger (2016)

𝑘-MCFL = 𝑘-TSLr

Proof sketch: Show both set inclusions by construction.

u�-MCFL: languages generated by MCFGs of fan-out at most u�
u�-TSL: languages recognised by u�-restricted tree stack automata
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𝑘-MCFL ⊆ 𝑘-TSLr
Lemma Denkinger (2016)

𝑘-MCFL ⊆ 𝑘-TSLr

Construction idea:

𝜌 = 𝐴 → [ ∙ a ∙ 𝑥1 ∙ , ∙ c ∙ 𝑥2 ∙ ](𝐵)

return addresses

example transitions: (u�′ has lhs u� and ̄u� has u� on rhs)

read: (⟨u�, 1, 0⟩, u�, true, id, ⟨u�, 1, 1⟩)

call: (⟨u�, 1, 1⟩, u�, true, push1(⟨u�, 1, 2⟩), ⟨u�′, 1, 0⟩)

return: (⟨u�, 1, 2⟩, u�, eq(⟨ ̄u�, u�, u�⟩), set(u�), ⟨ ̄u�, u�, u�⟩↓)
(⟨ ̄u�, u�, u�⟩↓, u�, true, down, ⟨ ̄u�, u�, u�⟩)

resume: (⟨u�, 2, 1⟩, u�, true, up1, ⟨u�, 2, 1⟩↑)
(⟨u�, 2, 1⟩↑, u�, eq(u�′), set(⟨u�, 2, 2⟩), ⟨u�′, 2, 0⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL

Lemma Denkinger (2016)

𝑘-TSLr ⊆ 𝑘-MCFL

Proof idea:
(1) construct an MCFG that generates the runs

⟨𝑞1, 𝑞′
1, …, 𝑞u�, 𝑞′

u�⏟⏟⏟⏟⏟⏟⏟
∈u�2u�

; 𝛾0, …, 𝛾u�⏟⏟⏟⏟⏟
∈u�u�+1

⟩ ⟹∗ (𝜃1, …, 𝜃u�)

if and only if

𝜃1, …, 𝜃u� all return to the stack position they started from and
never go below it

𝜃u� starts with state 𝑞u� and stack symbol 𝛾u�−1 and ends with 𝑞′
u�

and 𝛾u� (for 1 ≤ 𝑖 ≤ 𝑚)

(2) use closure of MCFG under homomorphisms
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules:

principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 11 / 12



𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules:

principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)

⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences

⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()

⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences
⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()

⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏3, 𝜏6𝑥2𝜏7](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [𝜏1𝑥1𝜏4, 𝜏6𝑥2𝜏8](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑥2𝜏8𝜏9](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences
⟨2, 2, 3, 3; #, #, #⟩ → [𝜀, 𝜀]()

⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [ 𝑥1 , c 𝑥2 ](⟨2, 2, 3, 3; #, #, #⟩)
⟨1, 2, 3, 4; ∗, ∗, ∗⟩ → [ a 𝑥1 b , c 𝑥2 d ](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)

⟨1, 5; @, @⟩ → [ a 𝑥1 b 𝑥2 d ](⟨1, 2, 3, 4; ∗, ∗, ∗⟩)
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𝑘-TSLr ⊆ 𝑘-MCFL (monadic example)
transitions:
u�1 = (1, a, true , push1(∗) , 1)
u�2 = (1, u�, true , push1(#), 2)
u�3 = (2, u�, eq(#), down , 2)
u�4 = (2, b, eq(∗) , down , 2)
u�5 = (2, u�, bot , up1 , 3)
u�6 = (3, c , eq(∗) , up1 , 3)
u�7 = (3, u�, eq(#), down , 4)
u�8 = (4, d, eq(∗) , down , 4)
u�9 = (4, u�, bot , id , 5)

run for 𝑎2𝑏2𝑐2𝑑2 and the stack:

(1, @)

(1, ∗)

𝜏1

(1, ∗)

𝜏1

(2, #)

𝜏2

𝜀

1

11

111

(2, ∗)
𝜏3

(2, ∗)
𝜏4

(2, @)
𝜏4

(3, ∗)

𝜏5

(3, ∗)

𝜏6

(3, #)

𝜏6
(4, ∗)
𝜏7

(4, ∗)
𝜏8

(4, @)
𝜏8

(5, @)𝜏9

some rules: principle of crossing sequences
𝐵 → [𝜀, 𝜀]()
𝐴 → [ 𝑥1 , c 𝑥2 ](𝐵)
𝐴 → [ a 𝑥1 b , c 𝑥2 d ](𝐴)
𝑆 → [ a 𝑥1 b 𝑥2 d ](𝐴)

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 11 / 12



References

thread automata

É. Villemonte de la Clergerie. “Parsing Mildly
Context-Sensitive Languages with Thread Automata”. 2002.

É. Villemonte de la Clergerie. “Parsing MCS languages with
thread automata”. 2002.

automata with storage

D. Scott. “Some definitional suggestions for automata theory”.
1967.

J. Engelfriet. “Context-free grammars with storage”. 2014.

L. Herrmann and H. Vogler. “A Chomsky-Schützenberger
Theorem for Weighted Automata with Storage”. 2015.

T. Denkinger: An automata characterisation for MCFLs DLT, Montréal, 2016-07-27 12 / 12



𝑘-TSLr ⊆ 𝑘-MCFL (non-monadic example)

𝜀

1

2

11

21

111

(1, @)

(2, ∗)

𝜏1

(2, ∗)

𝜏2

(3, #)

𝜏3

(3, ∗)
𝜏4

(3, ∗)
𝜏4

(3, @)
𝜏4

(4, ∗)

𝜏5

(5, #)

𝜏7

(5, ∗)
𝜏8

(5, @)
𝜏8

(6, ∗)

𝜏9

(6, ∗)

𝜏10

(6, #)

𝜏10

(7, ∗)
𝜏11

(7, ∗)
𝜏12

(7, @)
𝜏12

(8, ∗)

𝜏13

(8, #)

𝜏14

(9, ∗)
𝜏15

(9, @)
𝜏16

(10, @)
𝜏17

⟨1, 10; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑦1𝜏8𝜏9𝑥2𝜏12𝜏13𝑦2𝜏16𝜏17]
(⟨2, 3, 6, 7; ∗, ∗, ∗⟩, ⟨4, 5, 8, 9; ∗, ∗, ∗⟩)

⟨2, 3, 6, 7; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏4, 𝜏10𝑥2𝜏12](⟨2, 3, 6, 7; ∗, ∗, ∗⟩)

⟨4, 5, 8, 9; ∗, ∗, ∗⟩ → [𝜏7𝑥1𝜏8, 𝜏14𝑥2𝜏15](⟨5, 5, 8, 8; #, #, #⟩)

⟨2, 3, 6, 7; ∗, ∗, ∗⟩ → [𝜏3𝑥1𝜏4, 𝜏10𝑥2𝜏11](⟨3, 3, 6, 6; #, #, #⟩)

⟨5, 5, 8, 8; #, #, #⟩ → [𝜀, 𝜀]()

⟨3, 3, 6, 6; #, #, #⟩ → [𝜀, 𝜀]()
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𝑘-TSLr ⊆ 𝑘-MCFL (non-monadic example)

𝜀

1

2

11

21

111

(1, @)

(2, ∗)

𝜏1

(2, ∗)

𝜏2

(3, #)

𝜏3

(3, ∗)
𝜏4

(3, ∗)
𝜏4

(3, @)
𝜏4

(4, ∗)

𝜏5

(5, #)

𝜏7

(5, ∗)
𝜏8

(5, @)
𝜏8

(6, ∗)

𝜏9

(6, ∗)

𝜏10

(6, #)

𝜏10

(7, ∗)
𝜏11

(7, ∗)
𝜏12

(7, @)
𝜏12

(8, ∗)

𝜏13

(8, #)

𝜏14

(9, ∗)
𝜏15

(9, @)
𝜏16

(10, @)
𝜏17

⟨1, 10; @, @⟩ → [𝜏1𝑥1𝜏4𝜏5𝑦1𝜏8𝜏9𝑥2𝜏12𝜏13𝑦2𝜏16𝜏17]
(⟨2, 3, 6, 7; ∗, ∗, ∗⟩, ⟨4, 5, 8, 9; ∗, ∗, ∗⟩)

⟨2, 3, 6, 7; ∗, ∗, ∗⟩ → [𝜏2𝑥1𝜏4, 𝜏10𝑥2𝜏12](⟨2, 3, 6, 7; ∗, ∗, ∗⟩)

⟨4, 5, 8, 9; ∗, ∗, ∗⟩ → [𝜏7𝑥1𝜏8, 𝜏14𝑥2𝜏15](⟨5, 5, 8, 8; #, #, #⟩)

⟨2, 3, 6, 7; ∗, ∗, ∗⟩ → [𝜏3𝑥1𝜏4, 𝜏10𝑥2𝜏11](⟨3, 3, 6, 6; #, #, #⟩)
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