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Chomsky-Schützenberger for CFL & some generalisations
Theorem (Chomsky and Schützenberger 1963, Proposition 2)

Let 𝐿 ⊆ 𝛴∗; the following are equivalent

(i) 𝐿 is context-free.

(ii) There are
a homomorphism ℎ: (𝛥 ∪ ̄𝛥)∗ → 𝛴∗,
a Dyck language 𝐷 ⊆ (𝛥 ∪ ̄𝛥)∗, and
a regular language 𝑅 ⊆ (𝛥 ∪ ̄𝛥)∗

such that 𝐿 = ℎ(𝐷 ∩ 𝑅).

some generalisations:

for multiple context-free languages
(Yoshinaka, Kaji, and Seki 2010, Theorem 3)

for context-free languages weighted over unital valuation
monoids (Droste and Vogler 2013, Theorem 2)
for multiple context-free languages weighted over complete
commutative strong bimonoids (new)
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Non-projective trees

Example (Evang and Kallmeyer 2011)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps / crossing edges

not representable with CFG

occur in natural language
tree banks (Maier and
Søgaard 2008)

proj. non-proj.

NeGra1 72.44% 27.56%
TIGER2 72.46% 27.54%
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Composition functions

a 𝑘-ary composition function over 𝛴

𝑓: (𝛴∗)u�1 × ⋯ × (𝛴∗)u�u� → (𝛴∗)u�

𝑓((𝑥1
1, …, 𝑥u�1

1 ), …, (𝑥1
u�, …, 𝑥u�u�

u� )) = (𝑢1, …, 𝑢u�)
for some 𝑢1, …, 𝑢u� ∈ (𝛴 ∪ 𝑋)∗

Example

[𝑥1𝑦1

u�1

, 𝛽𝑦2

u�2

]
1,2

: (𝛴∗) × (𝛴∗ × 𝛴∗) → (𝛴∗ × 𝛴∗)

[𝑥1𝑦1, 𝛽𝑦2]
1,2

((𝛼𝛾), (𝛼, 𝛽)) = (

𝛼𝛾𝛼

,

𝛽𝛽

)
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Weighted

MCFG

([0, 1], max, ·, 0, 1)-weighted 2-

multiple context-free grammar

𝐺 = ( {𝑆, 𝐴, 𝐵}
nonterminals

, {𝑎, 𝑏, 𝑐, 𝑑}
terminals

, {𝑆}
initial nts

, {𝜌1, …, 𝜌5}
productions

, 𝜇
weights

)

𝜌1: 𝑆 → [𝑥1𝑦1𝑥2𝑦2]2,2(𝐴, 𝐵)
𝜌2: 𝐴 → [𝑎𝑥1, 𝑐𝑥2]2(𝐴)
𝜌3: 𝐵 → [𝑏𝑥1, 𝑑𝑥2]2(𝐵)
𝜌4: 𝐴 → [𝜀, 𝜀]()
𝜌5: 𝐵 → [𝜀, 𝜀]()

𝜇(𝜌1) = 1
𝜇(𝜌2) = 1/2
𝜇(𝜌3) = 1/3
𝜇(𝜌4) = 1/2
𝜇(𝜌5) = 2/3

𝜌1

𝜌2

𝜌2

𝜌4

𝜌3

𝜌3

𝜌5

𝑚 𝑛

(𝑎u�𝑏u�𝑐u�𝑑u�)

(𝑎u�, 𝑐u�)

(𝑎, 𝑐)

(𝜀, 𝜀)

(𝑏u�, 𝑑u�)

(𝑏, 𝑑)

(𝜀, 𝜀)

1

1/2

1/2

1/2

1/3

1/3

2/3

1/(2u� · 3u�+1)

̂𝜇
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Weight algebra

complete commutative strong bimonoids

“strong bimonoid = semiring without requiring distributivity”

multiplication is commutative

𝛴-operation also for infinite index sets

examples:

all complete commutative semirings (Boolean semiring,
probability semiring, Viterbi semiring, …)
all complete lattices
tropical bimonoid: (ℝ∞

≥0, +, min, 0, ∞)
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Dyck languages (example)

alphabets 𝛥 = {𝑎, 𝑏, 𝑐, 𝑑} and ̄𝛥 = { ̄𝑎, �̄�, ̄𝑐, ̄𝑑}

congruence relation ≡u� ⊆ (𝛥 ∪ ̄𝛥)∗ × (𝛥 ∪ ̄𝛥)∗:

for every 𝛿 ∈ 𝛥: 𝛿 ̄𝛿 ≡u� 𝜀

then for example: 𝑑𝑎 ̄𝑎 ̄𝑑𝑏�̄�𝑐 ̄𝑐 ≡u� 𝑑 ̄𝑑 ≡u� 𝜀

Dyck language: D(𝛥) = [𝜀]≡u�

∋ 𝑑𝑎 ̄𝑎 ̄𝑑𝑏�̄�𝑎 ̄𝑎

CFG for D(𝛥):

𝐴 → 𝜀 + 𝑎𝐴 ̄𝑎 + 𝑏𝐴�̄� + 𝑐𝐴 ̄𝑐 + 𝑑𝐴 ̄𝑑 + 𝐴𝐴
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Congruence multiple Dyck language I
alphabets 𝛥 = {𝑎, 𝑏, 𝑐, 𝑑} and ̄𝛥 = { ̄𝑎, �̄�, ̄𝑐, ̄𝑑},

a partitioning 𝔓 = {{𝑎, 𝑏}, {𝑐, 𝑑}} of 𝛥

congruence relation ≡u� ⊆ (𝛥 ∪ ̄𝛥)∗ × (𝛥 ∪ ̄𝛥)∗:

for every {𝛿1, …, 𝛿u�} ∈ 𝔓 and 𝑢0, …, 𝑢u�, 𝑣1, …, 𝑣u� ∈ D(𝛥):

𝑣1 ⋯ 𝑣u� ≡u� 𝜀 ⟹ 𝑢0𝛿1𝑣1
̄𝛿1𝑢1 ⋯ 𝛿u�𝑣u�

̄𝛿u�𝑢u� ≡u� 𝑢0 ⋯ 𝑢u�

for example: 𝑑𝑏�̄� ̄𝑑𝑐𝑎 ̄𝑎 ̄𝑐

≡u� 𝜀

𝜀⏟
u�0

𝑑

u�1

𝑏�̄�

u�1

̄𝑑

̄u�1

𝜀⏟
u�1

𝑐

u�2

𝑎 ̄𝑎

u�2

̄𝑐

̄u�2

𝜀⏟
u�2

?≡ u� 𝜀⏟
u�0

𝜀⏟
u�1

𝜀⏟
u�2

✓ {𝑑, 𝑐} ∈ 𝔓

𝜀⏟
u�0

𝑏⏟
u�1

𝜀⏟
u�1

�̄�⏟
̄u�1

𝜀⏟
u�1

𝑎⏟
u�2

𝜀⏟
u�2

̄𝑎⏟
̄u�2

𝜀⏟
u�2

?≡ u� 𝜀⏟
u�0

𝜀⏟
u�1

𝜀⏟
u�2

✓ {𝑏, 𝑎} ∈ 𝔓

𝜀𝜀𝜀 ≡u� 𝜀

✓
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Congruence multiple Dyck language II

congruence multiple Dyck language: mDc(𝔓) = [𝜀]≡u�

then 𝑑𝑏�̄� ̄𝑑𝑐𝑎 ̄𝑎 ̄𝑐 ∈ mDc(𝔓)

MCFG for mDc(𝔓):

nonterminals 𝐴1, …, 𝐴u�
(𝑚 is maximal cardinality in 𝔓)

𝐴u� → [𝛿1𝑥1
̄𝛿1, …, 𝛿u�𝑥u�

̄𝛿u�](𝐴u�)
for every {𝛿1, …, 𝛿u�} ∈ 𝔓

rules for specific composition
functions

cf. multiple Dyck languages (Yoshinaka,
Kaji, and Seki 2010, Definition 1) for all
the details

𝐴1 → [𝑥1𝑥2](𝐴2)

𝐴2 → [𝑥2, 𝑥1](𝐴2)

𝐴2 → [𝑐𝑥1 ̄𝑐, 𝑑𝑥2
̄𝑑](𝐴2)

𝐴2 → [𝑎𝑥1 ̄𝑎, 𝑏𝑥2�̄�](𝐴2)

𝐴2 → [𝜀, 𝜀]

(𝜀, 𝜀)

(𝑎 ̄𝑎, 𝑏�̄�)

(𝑐𝑎 ̄𝑎 ̄𝑐, 𝑑𝑏�̄� ̄𝑑)

(𝑑𝑏�̄� ̄𝑑, 𝑐𝑎 ̄𝑎 ̄𝑐)

(𝑑𝑏�̄� ̄𝑑𝑐𝑎 ̄𝑎 ̄𝑐)
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Chomsky-Schützenberger for weighted MCFL

Theorem

Let 𝒜 be a complete commutative strong bimonoid and 𝐿: 𝛴∗ → 𝒜.
For every 𝑘 ∈ ℕ, the following are equivalent

(i) 𝐿 is 𝑘-multiple context-free.

(ii) There are
an 𝒜-weighted 𝛼-hom. ℎ: (𝛥 ∪ ̄𝛥)∗ → 𝒜u�∗

,
a congruence 𝑘-multiple Dyck language 𝐷 ⊆ (𝛥 ∪ ̄𝛥)∗, and
a regular language 𝑅 ⊆ (𝛥 ∪ ̄𝛥)∗

such that 𝐿 = ℎ(𝐷 ∩ 𝑅).

(ii) ⇒ (i) 𝐷 ∈ 𝑘-MCF and closure properties of 𝑘-MCF(𝒜)
(i) ⇒ (ii) 𝐿

= ℎ1( 𝐿′ ) = ℎ1(ℎ2 (𝑅 ∩ 𝐷)) = ℎ(𝑅 ∩ 𝐷)

ℎ1: (𝛴 ∪ 𝑅)∗ → 𝒜u�∗
is an 𝒜-weighted 𝛼-hom.,

𝐿′ ⊆ (𝛴 ∪ 𝑅)∗ is 𝑘-multiple context-free,
ℎ2: (𝛥 ∪ ̄𝛥)∗ → (𝛴 ∪ 𝑅)∗ is an 𝛼-hom.
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Weight separation
Lemma (idea from Droste and Vogler 2013, Lemma 3)

For every 𝒜-weighted 𝑘-MCFL 𝐿: 𝛴∗ → 𝒜 there are an
𝒜-weighted 𝛼-hom. ℎ1: (𝛴 ∪ 𝑅)∗ → 𝒜u�∗

and an unweighted
𝑘-MCFL 𝐿′ ⊆ (𝛴 ∪ 𝑅)∗ s.t. 𝐿 = ℎ1(𝐿′).

𝐺:

𝜁

𝐴 → [𝑢, 𝑣](𝐵, 𝐶)

𝑑1 𝑑2

( , )

( )

=: 𝜌

𝜇: 𝑅 → 𝒜

𝐺′ and ℎ1:

𝜁′

𝐴 → [

𝜌

𝑢, 𝑣](𝐵, 𝐶)

𝑑′
1 𝑑′

2

(

𝜌

, )

(

𝜌

)

ℎ1(𝛿) = {

𝜇(𝜌).𝜀 if 𝛿 = 𝜌, 𝜌 ∈ 𝑅
1.𝛿 if 𝛿 ∈ 𝛴
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𝜇: 𝑅 → 𝒜

𝐺′ and ℎ1:

𝜁′

𝐴 → [𝜌𝑢, 𝑣](𝐵, 𝐶)

𝑑′
1 𝑑′

2

(𝜌 , )

( 𝜌 )

ℎ1(𝛿) = {
𝜇(𝜌).𝜀 if 𝛿 = 𝜌, 𝜌 ∈ 𝑅
1.𝛿 if 𝛿 ∈ 𝛴
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Chomsky-Schützenberger for unweighted MCFL

Theorem (Yoshinaka, Kaji, and Seki 2010, Theorem 3)
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(i) 𝐿 is 𝑘-multiple context-free.

(ii) There are an alphabet 𝛥,
a

n 𝛼-

hom. ℎ: (𝛥 ∪ ̄𝛥)∗ → 𝛴∗,
a

congruence

𝑘-multiple Dyck language 𝐷 ⊆ (𝛥 ∪ ̄𝛥)∗, and
a regular language 𝑅 ⊆ (𝛥 ∪ ̄𝛥)∗
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Conclusion

definition of multiple Dyck languages using congruence relations

weight separation for multiple context-free grammars

Chomsky-Schützenberger result for multiple context-free languages
weighted with complete commutative strong bimonoids
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