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Classical result

Theorem (Chomsky and
Schützenberger 1963, Prop. 2)

For every CFL 𝐿 there are

a Dyck language 𝐷,

a regular language 𝑅, and

a homomorphism ℎ s.t.

𝐿 = ℎ(𝐷 ∩ 𝑅) .

Example (Hulden 2011)

𝐿∶ A
𝑟1→ 𝐵 𝐶 , 𝐵

𝑟2→ 𝛼, 𝐶
𝑟3→ 𝛽

A

𝐵

𝛼

𝐶

𝛽

yield
↦ 𝛼𝛽

𝐷∶ 𝐴 → 𝛼 , 𝐴 → 𝛽 , 𝐴 → 𝐴𝐴 ,

𝐴 → {1𝑟1𝐴}
1
𝑟1 , 𝐴 → {2𝑟1𝐴}

2
𝑟1 ,

𝐴 → {1𝑟2𝐴}
1
𝑟2 , 𝐴 → {1𝑟3𝐴}

1
𝑟3

𝐴

𝐴

{1𝑟1 𝐴

{1𝑟2 𝐴

𝛼

}1𝑟2

}1𝑟1

𝐴

{2𝑟1 𝐴

{1𝑟3 𝐴

𝛽

}1𝑟3

}2𝑟1
yield
↦ {1𝑟1{

1
𝑟2𝛼}

1
𝑟2}

1
𝑟1{

2
𝑟1{

1
𝑟3𝛽}

1
𝑟3}

2
𝑟1􏿋􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏿌􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏻰􏿍

∈ 𝑅?

ℎ↦ 𝛼𝛽
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a Dyck language 𝐷,

a regular language 𝑅, and

a homomorphism ℎ s.t.

𝐿 = ℎ(𝐷 ∩ 𝑅) .

Example (Hulden 2011)
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Non-projective trees

Example (Evang and Kallmeyer 2011)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps / crossing edges

not representable with
CFG

occur in natural language
tree banks (Maier and
Søgaard 2008)

proj. non-proj.

NeGra1 72.44% 27.56%
TIGER2 72.46% 27.54%

1

approx. 20 000 trees

2

approx. 50 000 trees
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Word-tuple functions

a 𝑘-ary word-tuple function

𝑓 ∶ (𝛴∗)𝑚1 ×⋯× (𝛴∗)𝑚𝑘 → (𝛴∗)𝑚

Example

􏿮π11π12, 𝛽π22􏿱 ∶ (𝛴∗)1 × (𝛴∗)2 → (𝛴∗)2

􏿮π11π12, 𝛽π22􏿱􏿴( 𝛼𝛾⏟
π11

), ( 𝛼⏟
π12

, 𝛽⏟
π22

)􏿷

= (

𝛼𝛾𝛼

,

𝛽𝛽

)

For MCFG: only linear word-tuple functions

does not copy argument components
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Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]

MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]

VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)

SQ → [π12π11π13π22](MD,VP,PRP)
SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Multiple context-free grammars (MCFGs)

SBARQ

SQ

MD

should

VP

WP

What

VB

do

PRP

I

.

?

gaps ⇝ commas

MCFG generating the tree:

WP → [What]
MD → [should]
PRP → [I]
VB → [do]

. → [?]
VP → [π11,π12](WP,VB)
SQ → [π12π11π13π22](MD,VP,PRP)

SBARQ → [π11π12](SQ, .)

5 / 12



Chomsky-Schützenberger for MCFG

Theorem
For every multiple context-free language ℒ there are

a multiple Dyck language 𝒟 ,

a regular language 𝑅, and

a homomorphism ℎ such that

ℒ = ℎ(𝒟 ∩ 𝑅) .
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Bracket alphabet

Two types of brackets: rule 𝑟 ∶ 𝐴 → [𝑢1, …, 𝑢𝑚](𝐴1, …,𝐴𝑘)

(i) {𝑖𝑟𝑤}𝑖𝑟 with 1 ≤ 𝑖 ≤ 𝑚

⇝ ℎ(𝑤) is derived in 𝑢𝑖

(ii) {𝑖,𝑗𝑟 𝑤}
𝑖,𝑗
𝑟 with 1 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ |𝑢𝑖|

⇝ ℎ(𝑤) is derived in the 𝑗-th symbol of 𝑢𝑖
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Multiple Dyck language

given by an MCFG

similar to classical Dyck language

Dyck language

𝐴 → 𝜎

𝐴 → 𝐴𝐴

𝐴 → {𝑖𝑟𝐴}𝑖𝑟

multiple Dyck language
𝐴1 → [𝜎]
𝐴𝑘 → 𝑓(𝐴ℓ, 𝐴𝑚)
𝐴𝑘 → [{1𝑟𝜋1

1}1𝑟 , …, {𝑘𝑟𝜋𝑘
1}𝑘𝑟](𝐴𝑘)

𝐴𝑘 → [{𝑖1,𝑗1𝑟 𝜋1
1}
𝑖1,𝑗1
𝑟 , …, {𝑖𝑘,𝑗𝑘𝑟 𝜋𝑘

1}
𝑖𝑘,𝑗𝑘
𝑟 ](𝐴𝑘)
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
1,1
𝑟1 {

1
𝑟2{

1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2}

1,1
𝑟1 {1,3𝑟1 {

2
𝑟2{

2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2}

1,3
𝑟1 }

1
𝑟1

{1,2𝑟1 {
1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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1
1}1,1𝑟1 , {
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𝑟1 π

2
1}1,3𝑟1 􏿱
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1
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𝑟2π

2
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􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
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􏿮{1,1𝑟4 π
1
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􏿮𝛽􏿱
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1
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1
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1
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1
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􏿴𝛽􏿷
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
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2π2
1􏿱
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
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1}1𝑟1􏿱
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2π2
1􏿱
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1}1,3𝑟1 􏿱
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
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1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
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1}1,1𝑟1 , {
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1}1,3𝑟1 􏿱
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􏿮π1
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􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
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1
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[𝛼]
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1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
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1,1
𝑟2
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1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
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1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
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1}1,1𝑟1 , {

1,3
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1}1,3𝑟1 􏿱
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􏿮{1𝑟3π
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􏿮{1,1𝑟3 π
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𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1
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􏿮π1
1π1

2π2
1􏿱

􏿮π1
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2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]
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1,3
𝑟1 }

1
𝑟1

{1,2𝑟1

􏿴{1𝑟3{
1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]

9 / 12



Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
1,1
𝑟1 {

1
𝑟2

􏿴{1,1𝑟2 {
1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 􏿷

}1𝑟2}
1,1
𝑟1 {1,3𝑟1 {

2
𝑟2

􏿴{2,1𝑟2 {
1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 􏿷

}2𝑟2}
1,3
𝑟1 }

1
𝑟1

{1,2𝑟1

􏿴{1𝑟3{
1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
1,1
𝑟1 {

1
𝑟2

􏿴{1,1𝑟2 {
1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2

}1𝑟2}
1,1
𝑟1 {1,3𝑟1 {

2
𝑟2

{2,1𝑟2 {
1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 􏿷

}2𝑟2}
1,3
𝑟1 }

1
𝑟1

{1,2𝑟1

􏿴{1𝑟3{
1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
1,1
𝑟1

􏿴{1𝑟2{
1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2

}1,1𝑟1 {1,3𝑟1

{2𝑟2{
2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2􏿷

}1,3𝑟1 }
1
𝑟1

{1,2𝑟1

􏿴{1𝑟3{
1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1{
1,1
𝑟1

􏿴{1𝑟2{
1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2

}1,1𝑟1 {1,3𝑟1

{2𝑟2{
2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2􏿷

}1,3𝑟1 }
1
𝑟1

{1,2𝑟1

􏿴{1𝑟3{
1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3􏿷

}1,2𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1

􏿴{1,1𝑟1 {
1
𝑟2{

1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2}

1,1
𝑟1 {1,3𝑟1 {

2
𝑟2{

2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2}

1,3
𝑟1 􏿷

}1𝑟1

􏿴{1,2𝑟1 {
1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1 􏿷

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]

9 / 12



Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

{1𝑟1

􏿴{1,1𝑟1 {
1
𝑟2{

1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2}

1,1
𝑟1 {1,3𝑟1 {

2
𝑟2{

2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2}

1,3
𝑟1 􏿷

}1𝑟1

{1,2𝑟1 {
1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

􏿴{1𝑟1{
1,1
𝑟1 {

1
𝑟2{

1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2}

1,1
𝑟1 {1,3𝑟1 {

2
𝑟2{

2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2}

1,3
𝑟1 }

1
𝑟1􏿷

{1,2𝑟1 {
1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Multiple Dyck derivation
𝑅∶ S

𝑟1→ [π11π12π21](𝐴, 𝐵), 𝐴
𝑟2→ [π11,π12](𝐶, 𝐶), 𝐵

𝑟3→ [𝛼], 𝐶
𝑟4→ [𝛽]

􏿮{1𝑟1π
1
1}1𝑟1􏿱

􏿮π1
1π1

2π2
1􏿱

􏿮{1,1𝑟1 π
1
1}1,1𝑟1 , {

1,3
𝑟1 π

2
1}1,3𝑟1 􏿱

􏿮{1𝑟2π
1
1}1𝑟2, {

2
𝑟2π

2
1}2𝑟2􏿱

􏿮π1
1,π1

2􏿱

􏿮{1,1𝑟2 π
1
1}1,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{2,1𝑟2 π
1
1}2,1𝑟2 􏿱

􏿮{1𝑟4π
1
1}1𝑟4􏿱

􏿮{1,1𝑟4 π
1
1}1,1𝑟4 􏿱

􏿮𝛽􏿱

􏿮{1,2𝑟1 π
1
1}1,2𝑟1 􏿱

􏿮{1𝑟3π
1
1}1𝑟3􏿱

􏿮{1,1𝑟3 π
1
1}1,1𝑟3 􏿱

[𝛼]

􏿴{1𝑟1{
1,1
𝑟1 {

1
𝑟2{

1,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

1,1
𝑟2 }

1
𝑟2}

1,1
𝑟1 {1,3𝑟1 {

2
𝑟2{

2,1
𝑟2 {

1
𝑟4{

1,1
𝑟4 𝛽}

1,1
𝑟4 }

1
𝑟4}

2,1
𝑟2 }

2
𝑟2}

1,3
𝑟1 }

1
𝑟1􏿷

{1,2𝑟1 {
1
𝑟3{

1,1
𝑟3 𝛼}

1,1
𝑟3 }

1
𝑟3}

1,2
𝑟1

,

􏿮π1
1π1

2π2
1􏿱

􏿮π1
1,π1

2􏿱

􏿮𝛽􏿱 􏿮𝛽􏿱

[𝛼]
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Chomsky-Schützenberger for weighted MCFL

Theorem
For every zero-sum and zero-product free semiring 𝑆 and every
𝑆-weighted MCFL ℒ w there are

a multiple Dyck language 𝒟 ,

an 𝑆-weighted regular language 𝑅w, and

a homomorphism ℎ such that

ℒ w(𝑢) = 􏾜
𝑣∈𝒟
ℎ(𝑣)=𝑢

𝑅w(𝑣) (finiteness conditions)

Idea
1. weighted MCFG ⇝ unweighted MCFG (support)

2. use unweighted construction

3. original MCFG weights in 𝑅 when {1𝑟 is read
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Summary and outlook

Summary

MCFG are interesting for natural language processing.

A

(weighted)

MCFL can be expressed with a multiple Dyck
language, a

(weighted)

regular language and a homomorphism.

Outlook

Define a parsing algorithm for MCFG based on their
Chomsky-Schützenberger characterisation (similar to Hulden
2011).
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